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Introduction

In an abstract sense, finding a solution to the Laplace (or Poisson) equation
∆u = f is easy. After we compute the Fourier transform, the equation turns
into −|ξ|2û(ξ) = f̂(ξ), and the solution to the original equation is found using the
inverse Fourier transform, such that u(x) = F−1[−f̂/|ξ|2]. Similarly, for a linear
partial differential operator D with constant coefficients, a solution to the partial
differential equation Du = f can be found, in theory, with relative ease.

However once the coefficients of the linear partial differential operator D also be-
come space dependent, this theoretical solution already breaks down. By defining
the symbol of this operator D, we may still use Fourier theory, however many
“nice” properties are still lost. One such example is the composition of linear
partial differential operators. The theory of pseudodifferential operators aims to
solve these issues, by generalising the types of differential operators.

Moreover, the theory of pseudodifferential equations is necessary, once one looks
at PDEs on smooth manifolds. Since for many manifolds we can only give lo-
cal charts, we cannot even expect that the theory of constant coefficient partial
differential equations suffices. This thesis gives an introduction to the theory of
pseudodifferential equations, and gives some applications of it in the theory of
partial differential equations on manifolds.

Chapters 1 and 2 give an introduction to the theory of pseudodifferential equations,
and are based on books on pseudodifferential operators such as [Won14], and on
distribution theory such as [FJ98] and use some functional analysis theory found
in books such as [Con19].

In Chapter 1 we focus on distribution theory. We show that tempered distributions
can be approximated by Schwartz functions. Furthermore, we define the Fourier
transform, and use some elementary properties to compute the Fourier transform
of some homogeneous distributions.

Chapter 2 gives the definition of a pseudodifferential operator, and discusses how
one composes two pseudodifferential operators, and shows that finding an (approx-
imate) inverse to a pseudodifferential operator is possible, if the operator is elliptic.
Furthermore, we show that pseudodifferential operators are bounded linear oper-
ators between Sobolev spaces, and show that if a pseudodifferential operator Ta is
elliptic, then the solution u to the pseudodifferential equation Tau = f is smooth
whenever f is smooth.

Chapter 3 gives an introduction to the theory of pseudodifferential equations on
smooth manifolds. It starts by defining an elliptic pseudodifferential operator on
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a Riemannian manifold, called the Laplace-Beltrami operator ∆g. We explain the
necessary material from Riemannian Geometry that can be found in more detail
in [Lee18] and [Lee13], and using the machinery built up in the previous chapters,
we then compute the approximate inverse of this Laplace-Beltrami operator, and
give an integral operator representation. Using this integral representation, we
finish by giving approximate solution to the pseudodifferential equation ∆gu = f .

Some final remarks before the mathematics starts. I have tried to prove every
theorem, proposition, lemma and corollary in this thesis, for only very few do I
refer the reader to a different source. I hope, therefore, that my fellow Master
Mathematics students with some background in Fourier analysis can then follow
the thesis from cover to cover. Finally, I have tried to keep any falsehoods and
mistakes from entering this thesis, but I will never be completely certain that I
have found and corrected all of those which did.

Notation convention

Notation will be explained where necessary, however for some quantities used
throughout this thesis notation is given below

(a) A multi-index α is an element of Nn
0 , with length |α| =

∑n
j=1 αj, order

m = maxj αj, factorial α! =
∏n

j=1 αj!. The set of multi-indices has a natural
partial ordering, such that β ≤ α if βj ≤ αj for all j = 1, . . . , n. If β ≤ α,
then the binomial

(
α
β

)
=
∏n

j=1

(
αj

βj

)
.

(b) The partial derivative ∂/∂x may be denoted by ∂x, and the multidimensional
partial derivative ∂αx =

∏n
j=1 ∂

αj
xj in Rn. Finally, Dα

x = (−i)|α|∂αx .

(c) ∆ will denote the Laplacian
∑n

j=1 ∂
2
xj
.

(d) If X is any topological vector space, then X ′ denotes its continuous dual
space.
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1 Preliminaries

In this chapter, some preliminaries are discussed such as distribution theory. Most
information can be found in books such as [FJ98].

1.1 Linear partial differential equations

Pseudodifferential operators can be seen as a generalisation of constant coefficient
linear partial differential operators. We give a definition of linear partial differen-
tial operators below.

Definition 1.1 (Linear partial differential operator). On Rn a constant coefficient
linear partial differential operator D of order m is a linear operator of the form

D =
∑
|α|≤m

aαD
α , (1.1)

where α is a multi-index, and Dα is a derivative.

Definition 1.2 (Symbol). For a linear partial differential operator D of order m,
define its symbol P (D)(ξ) by its Fourier transform. In formulaic terms

P (D)(ξ) = PD(ξ) =
∑
|α|≤m

aαξ
α . (1.2)

The definitions above are used very widely, but can be extended to greater gener-
ality as done below.

Definition 1.3 (Linear partial differential operator). On Rn a linear partial dif-
ferential operator D of order m is a linear operator of the form

D(x) =
∑
|α|≤m

aα(x)D
α , (1.3)

where aα(x) may now depend on the variable x.

Definition 1.4 (Symbol). For a linear partial differential operator D(x) of order
m, define its symbol P (D)(x, ξ) by its Fourier transform. In formulaic terms

P (D)(x, ξ) = PD(x, ξ) =
∑
|α|≤m

aα(x)ξ
α . (1.4)
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We will see in the next sections what we mean by the Fourier transform of an
operator. Even though it is not evident at this point, we will see that the definition
is consistent.

1.2 Schwartz functions and Tempered
distributions

In this section we look at the space of Schwartz functions, and its continuous
dual space of tempered distributions. We show that the Schwartz functions are
sequentially dense in the tempered distributions.

Definition 1.5 (Schwartz space). On Rn there is a set of functions S(Rn) given
by all f ∈ C∞(Rn) such

sup
x∈Rn

∣∣xβ(Dαf)
∣∣ <∞, for all multi-indices α, β. (1.5)

Together with the semi-norms pα,β(f) = supx∈Rn |xβ(Dαf)| for all multi-indices α
and β, the Schwartz space is a locally convex Fréchet space.

The first proposition shows that the Schwartz functions are also elements of the
Lp-spaces. We will use this fact throughout this thesis.

Proposition 1.6 (S(Rn) ⊆ Lp(Rn)). For p ∈ [1,∞] there is a continuous inclusion
of function spaces S(Rn) ⊆ Lp(Rn).

Proof. Separate the cases p = ∞ and p 6= ∞. For p = ∞, the inclusion is obviously
true, since supx∈Rn |x0(D0f)| = ‖f‖∞ <∞, whenever f ∈ S(Rn).

For p ∈ [1,∞) notice that g = fp ∈ S(Rn) whenever f ∈ S(Rn). Hence, it is
sufficient to show that f ∈ L1(Rn), whenever f ∈ S(Rn).

Take N > n an integer then (1 + |x|2)−N ∈ L1(Rn). Indeed:∫
Rn

1

(1 + |x|2)N
dx = An−1

∫ ∞

0

rn−1

(1 + r2)N
dr

≤ An−1

(∫ 1

0

1 dr +

∫ ∞

1

1

(1 + r2)
dr

)
<∞

(1.6)

where An−1 is the (hyper-)surface of the n − 1 Euclidean (hyper-)sphere Sn−1 in
Rn. Thus using the fact that f is a Schwartz function there is some finite constant
C ≥ 0 such that

sup
x∈Rn

|(1 + x2)Nf(x)| = C . (1.7)

Hence, ∫
Rn

|f(x)| dx ≤
∫
Rn

C

(1 + |x|2)N
dx <∞ (1.8)

and f ∈ L1(Rn). �
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In this thesis we will work mostly with tempered distributions.

Definition 1.7 (Tempered distributions). Given the space of Schwartz functions
S(Rn), define its continuous dual space S ′(Rn) with the weak-* topology. In other
words a tempered distribution is a continuous linear functional u : S(Rn) → R,
and we say that a sequence of tempered distributions un converges to 0 if and
only if for every φ ∈ S(Rn) the sequence 〈un, φ〉 converges to 0 in R.

Sometimes tempered distributions are referred to as generalised functions. This
is due to the fact that they may be approximated by a sequence of Schwartz
functions.

Theorem 1.1 (Density of Schwartz functions in the tempered distributions). The
space of Schwartz functions S(Rn) is sequentially dense in the space of tempered
distributions S ′(Rn) (with respect to the weak-* topology on S ′(Rn)).

We will prove this theorem in two steps: first we prove that S(Rn) ⊆ Lp(Rn)
is dense for p ∈ [1,∞), and then, using the machinery built up, we will prove
S(Rn) ⊆ S ′(Rn) is dense. For these theorema we need some preparations. In
particular, we need the convolution.

Definition 1.8 (Convolution). For functions f, g ∈ L1(Rn) define the convolution
operator by

(f ∗ g)(x) =
∫
Rn

f(x− y)g(y) dy . (1.9)

The following proposition shows some properties of the convolution operator.

Proposition 1.9. For f, g, h ∈ L1(Rn) the following hold for the convolution.

(a) Associativity: (f ∗ g) ∗ h = f ∗ (g ∗ h)

(b) Distributivity: f ∗ (g + h) = f ∗ g + f ∗ h

(c) Symmetry: f ∗ g = g ∗ f

Proof. (a) Writing out the definition we see

((f ∗ g) ∗ h)(x) =
∫
Rn

(f ∗ g)(x− y)h(y) dy

=

∫
Rn

∫
Rn

f(x− y − z)g(z) dz h(y) dy

=

∫
Rn

∫
Rn

f(x− w)g(w − y) dw h(y) dy

=

∫
Rn

f(x− w)

∫
Rn

g(w − y)h(y) dy dw

=

∫
Rn

f(x− w)(g ∗ h)(w) dw

= (f ∗ (g ∗ h))(x) ,

(1.10)
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by Fubini’s theorem.

(b) Follows from the linearity of the integral.

(c) Follows by a change of variables. Indeed:

(f ∗ g)(x) =
∫
Rn

f(x− y)g(y) dy

=

∫
Rn

f(w)g(x− w) dw = (g ∗ f)(x) .
(1.11)

This completes the proof. �

It is possible to define the convolution operator on a tempered distribution by the
following prescription

〈ψ ∗ u, φ〉 =
〈
u, ψ̃ ∗ φ

〉
, (1.12)

if we assume that ψ ∈ C∞
0 (Rn) is a compactly supported smooth function, and

ψ̃(x) = ψ(−x). This prescription is also consistent, since if u ∈ L1(Rn) then

〈ψ ∗ u, φ〉 =
∫
Rn

(ψ ∗ u)(x)φ(x) dx

=

∫
Rn

∫
Rn

ψ(x− y)u(y) dy φ(x) dx

=

∫
Rn

∫
Rn

ψ(x− y)φ(x) dx u(y) dy

=

∫
Rn

(ψ̃ ∗ φ)(y)u(y) dy =
〈
u, ψ̃ ∗ φ

〉
.

(1.13)

Now take a compactly supported smooth function ψ ∈ C∞
0 (Rn), with the proper-

ties that 0 ≤ ψ(x) ≤ 1, and ψ(−x) = ψ(x) for all x ∈ Rn, and∫
Rn

ψ(x) dx = 1 . (1.14)

We will see in upcoming sections that such functions exists. For ε > 0 define ψε
by ψε(x) = ε−nψ(x/ε), which satisfies∫

Rn

ψε(x) dx =

∫
Rn

ψ(x) = 1 , (1.15)

by simple change of variables. Furthermore, the following proposition holds, which
is crucial for the proof of Theorem 1.1.

Proposition 1.10. Let p ∈ [1,∞) and take f ∈ Lp(Rn) a function. Then as ε
converges to 0, the function ψε ∗ f ∈ Lp converges to f .
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Proof. We calculate in the p-norm the distance between ψε ∗ f and f :

‖ψε ∗ f − f‖p =
[∫

Rn

|ψε ∗ f − f |p
]1/p

=

[∫
Rn

|f ∗ ψε − f |p
]1/p

=

[∫
Rn

∣∣∣∣∫
Rn

f(x− y)ψε(y) dy − f(x)

∣∣∣∣p dx]1/p
=

[∫
Rn

∣∣∣∣∫
Rn

(f(x− y)− f(x))ψε(y) dy

∣∣∣∣p dx]1/p
=

[∫
Rn

∣∣∣∣∫
Rn

(f(x− εŷ)− f(x))ψ(ŷ) dŷ

∣∣∣∣p dx]1/p .

(1.16)

Therefore, by Minkowski’s inequality it follows that

‖ψε ∗ f − f‖p ≤
∫
Rn

|ψ(ŷ)|
(∫

Rn

|f(x− εŷ)− f(x)|p
)1/p

dŷ

=

∫
Rn

|ψ(ŷ)‖f−εŷ − f‖p dŷ ,
(1.17)

where fy denotes the translated function f(x+ y). Now using the fact that the p-
norm is continuous under translations, it follows that for all ŷ the distance between
f and f−εŷ converges to 0 as ε converges to 0. By the dominated convergence
theorem, it follows that

lim
ε→0

‖ψε ∗ f − f‖p ≤ lim
ε→0

∫
Rn

|ψ(ŷ)|‖f−εŷ − f‖p dŷ = 0 , (1.18)

which proves the proposition. �

Lemma 1.11. If f ∈ C0(Rn) is a compactly supported continuous function, and
g ∈ C∞

0 (Rn) is a compactly supported smooth function, then

supp(f ∗ g) ⊆ supp(f) + supp(g) and ∂αx (f ∗ g)(x) = (f ∗ (∂αx g))(x) . (1.19)

Hence, f ∗ g is a compactly supported smooth function.

Proof. Let x ∈ Rn be such that (f ∗ g)(x) 6= 0, then

0 6=
∫
Rn

f(x− y)g(y) dy (1.20)

hence there must be a point y ∈ Rn such that f(x− y)g(y) 6= 0. Hence, we have
x = (x− y) + y ∈ supp(f) + supp(g).

Suppose now that x ∈ supp(f ∗g) such that (f ∗g)(x) = 0, then for any ε > 0, the
ball Bε,x of radius ε around x contains a point x′ such that (f ∗ g)(x′) 6= 0. Then
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there is a y such that f(x′ − y)g(y) 6= 0, such that x = x′ + tv = (x′ − y) + y + tv
for some vector v and some scalar t ∈ (0, ε). Since for any ε > 0 there is such an
x′ it follows that x ∈ supp(f) + supp(g).

Now to prove that f ∗g is smooth, notice that it is sufficient to prove that, for any i,
the partial derivative ∂xi(f ∗ g)(x) exists, and that ∂xi(f ∗ g)(x) = (f ∗ (∂xig))(x),
since then h = ∂xig is also smooth. This is indeed the case by the dominated
convergence theorem, because both f, g are compactly supported, hence

∂xi(f ∗ g)(x) = ∂xi

∫
Rn

f(x− y)g(y) dy

= ∂xi

∫
Rn

g(x− y)f(y) dy

=

∫
Rn

∂xig(x− y)f(y) dy

= ((∂xig) ∗ f)(x) = (f ∗ (∂xig))(x) .

(1.21)

This proves that (f ∗ g) is a compactly supported smooth function. �

We can now prove that S(Rn) is dense in Lp(Rn).

Proposition 1.12. For p ∈ [1,∞), the space C∞
0 (Rn) of compactly supported

smooth functions is dense in Lp(Rn).

Proof. The proof of this proposition will make use of the transitivity of dense sub-
spaces. In particular, we use that the simple functions are dense in Lp(Rn) to show
that the compactly supported continuous functions are dense in Lp(Rn). Then we
show that any compactly supported continuous function can be approximated by
a compactly supported smooth function.

Take a measurable set A, with finite measure. We will show that there is a com-
pactly supported continuous function f which approximates the indicator function
on A. Take ε > 0,then because the Lebesgue measure is both inner and outer reg-
ular, there is a measurable open set U and a compact set K such that K ⊆ A ⊆ U
and µ(U \K) = µ(U)−µ(K) < ε. Now by Uhrysohn’s lemma there is a continuous
function 0 ≤ f ≤ 1 with supp f ⊆ U such that f |K = 1. Then∫

Rn

|χA − f |p dµ =

∫
U\K

|χA − f |p dµ < ε. (1.22)

Now by taking finite linear combinations of indicator functions we obtain the
simple functions, hence the space of compactly supported continuous functions
C0(Rn) is dense in the space of simple functions. Because the space of simple
functions is dense in Lp(Rn) it follows that C0(Rn) is dense in Lp(Rn). For a more
detailed proof see [Rud87] page 69.

Next notice that if f ∈ C0(Rn) and g ∈ C∞
0 (Rn), then it follows for the convolution

f ∗ g that supp f ∗ g ⊆ supp(f) + supp(g), and that f ∗ g is smooth, hence
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f ∗ g ∈ C∞
0 (Rn). Thus, by using ψε from before, it follows that C∞

0 (Rn) is dense
in Lp(Rn).

Hence, the proposition is proved using the inclusion of function spaces given by
C∞

0 (Rn) ⊆ S(Rn) ⊆ Lp(Rn). �

Remark 1.13. The proof for p = ∞ falls apart because the compactly supported
continuous functions C0(Rn) is not dense in L∞(Rn). A counterexample is the
constant 1 function, for which the approximation given in the proof does not
converge in the ∞-norm.

For the full proof of Theorem 1.1 we will do the same steps for a tempered distri-
bution. First we prove that compactly supported tempered distributions approx-
imate general tempered distributions.

Lemma 1.14. If u ∈ S ′(Rn) is a tempered distribution, and if 0 ≤ χ ≤ 1 is a
compactly supported smooth function which is one on a neighbourhood of 0, and
if we set χm(x) = χ(x/m), then um := χmu converges to u in the weak topology
on S ′(Rn).

Proof. Take any φ ∈ S(Rn), then for the distribution (1− χm)u it holds that

〈u− um, φ〉 = 〈(1− χm)u, φ〉 = 〈u, (1− χm)φ〉
m→∞−−−→ 0 , (1.23)

if (1− χm)φ converges to 0 in all semi-norms on S(Rn). We calculate for all α, β

|xαDβ
x(1− χm(x))φ(x)|

=

∣∣∣∣∣xα∑
β′≤β

(
β

β′

)
Dβ−β′

x (1− χm(x))(D
β′

x φ)(x)

∣∣∣∣∣
=

∣∣∣∣∣xα(1− χm(x))(D
β
xφ)(x)

+ xα
∑
β′<β

(
β

β′

)
m−|β−β′|(Dβ−β′

x χ)(x/m)(Dβ′

x φ)(x)

∣∣∣∣∣
≤
∣∣∣xα(1− χm(x))(D

β
xφ)(x)

∣∣∣
+
∑
β′<β

(
β

β′

)
m−|β−β′|

∣∣∣xα(Dβ−β′

x χ)(x/m)(Dβ′

x φ)(x)
∣∣∣ .

(1.24)

For each ε > 0 and each β′ < β we can choose an mβ′ such that for all m > mβ′

we have (
β

β′

)
m−|β−β′| sup

x∈Rn

∣∣∣xα(Dβ−β′

x χ)(x/m)(Dβ′

x φ)(x)
∣∣∣ < ε/|β|n . (1.25)

Similarly, we can choose an mβ such that for all m > mβ we have

sup
x∈Rn

∣∣∣xα(1− χm(x))(D
β
xφ)(x)

∣∣∣ < ε/|β|n . (1.26)
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Now by setting M = maxβ′≤β{mβ′}, we have that for all m > M that

sup
x∈Rn

∣∣∣xαDβ
x(1− χm)φ

∣∣∣ < ε , (1.27)

which proves the lemma. �

Corollary 1.15. Compactly supported tempered distributions are dense in the
space of all tempered distributions.

Lemma 1.16. If u ∈ S ′(Rn) is a compactly supported tempered distribution and
ψ ∈ C∞

0 (Rn) is a compactly supported smooth function, then

(u ∗ ψ)(x) (1.28)

exists in the classical sense, is compactly supported and is smooth in the classical
sense.

Proof. Because u and ψ are compactly supported, the prescription from Equation
(1.12) applied to the compactly supported smooth function φ, which is 1 on some
compact set K ⊇ supp(f) + supp(g), results in the fact that

(u ∗ ψ)(x) (1.29)

exists in a classical sense. Furthermore, the calculations from Lemma 1.11 still
hold, and yield that (u ∗ ψ)(x) is a compactly supported smooth function. �

Using the previous lemmata we are now able to prove Theorem 1.1.

Proof. We will approximate a compactly supported tempered distribution by a
compactly supported smooth function. Then using the fact that compactly sup-
ported tempered distributions are dense in the space of all tempered distributions,
the theorem follows.

Take u ∈ S ′(Rn) a compactly supported tempered distribution, and ψε as in
Proposition 1.10, it follows that (u ∗ ψε) is compactly supported and smooth by
Lemma 1.16. Furthermore, it follows that (ψε ∗ u) converges to u in the weak
topology.

Hence, C∞
0 (Rn) is dense in the compactly supported distributions, which in turn is

dense in the entire space of tempered distributions. This shows that the inclusion
of function spaces C∞

0 (Rn) ⊆ S(Rn) ⊆ S ′(Rn) are sequentially dense. �

1.3 Fourier transform

This section is dedicated to the Fourier transform. We give a definition of the
Fourier transform, give elementary properties, and define the inverse Fourier trans-
form. Whole books can be written about the Fourier transform, so only the nec-
essary properties and facts are given.
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Definition 1.17 (Fourier transform on S(Rn)). For a function f ∈ S(Rn), define
its Fourier transform by

F [f ](ξ) = f̂(ξ) =
1

(2π)n/2

∫
Rn

e−ix·ξf(x) dx . (1.30)

Notice that this integral is absolutely converging, since S(Rn) ⊆ L1(Rn).

Proposition 1.18 (Properties of the Fourier transform). The Fourier transform
is an operator with the following properties:

(a) Linearity: F [λf + µg] = λF [f ] + µF [g],

(b) Products and derivatives: F [xβDα
xf ] = (−1)|β|ξαDβ

ξF [f ](ξ),

(c) Convolution: F [f ∗ g] = (2π)n/2f̂ · ĝ,

(d) Translation and unitary multiplication: F [f(x + y)](ξ) = eiy·ξF [f(x)](ξ) and
F [eix·yf(x)](ξ) = F [f(x)](ξ − y),

(e) Dilation: F [f(tx)] = t−nF [f ](t−1ξ) for t > 0,

(f) Orthogonal invariance: Assume that f(Ax) = f(x) for all A ∈ O(n), then
f̂(Aξ) = f̂(ξ),

(g) The Fourier transform is formally self-adjoint:
∫
Rn f̂g =

∫
Rn fĝ,

(h) The linear operator F−1[f ](ξ) = f̌ = (2π)−n/2
∫
Rn e

+ix·ξf(x) dx provides an
inverse to the Fourier transform,

(i) Plancherel-Parseval identity: ‖f‖2 = ‖f̂‖2,

for all functions f, g ∈ S(Rn), all scalars λ, µ ∈ C and all multi-indices α, β.

Proof. (a) Linearity follows by the linearity of the integral

(b) By partial integration it follows that

F [Dxjf ](ξ) =
1

(2π)n/2

∫
Rn

e−ix·ξDxjf(x) dx

= − 1

(2π)n/2

∫
Rn

(
−i∂xje−ix·ξ

)
f(x) dx

=
ξj

(2π)n/2

∫
Rn

e−ix·ξf(x) dx

= ξj · f̂(ξ)

(1.31)

11



and by the dominated Convergence Theorem it follows that

F [xj · f ](ξ) =
1

(2π)n/2

∫
Rn

e−ix·ξxjf(x) dx

= − 1

(2π)n/2

∫
Rn

(
i∂ξje

−ix·ξ) f(x) dx
= −Dξj

(
1

(2π)n/2

∫
Rn

e−ix·ξf(x) dx

)
= −Dξj f̂(ξ) .

(1.32)

From (1.31) and (1.32) the formula F [xβDα
xf ] = (−1)|β|ξαDβ

ξF [f ](ξ) follows.

(c) By Fubini it follows that

F [f ∗ g](ξ) = 1

(2π)n/2

∫
Rn

e−ix·ξ
∫
Rn

f(x− y)g(y) dy dx

=
1

(2π)n/2

∫
Rn

e−i(x−y)·ξe−iy·ξ
∫
Rn

f(x− y)g(y) dy dx

=
1

(2π)n/2

∫
Rn

e−iy·ξg(y)

∫
Rn

e−i(x−y)·ξf(x− y) dx dy

=
(2π)n/2

(2π)n

∫
Rn

e−iy·ξg(y) dy

∫
Rn

e−i(z)·ξf(z) dz

= (2π)n/2f̂(ξ) · ĝ(ξ) .

(1.33)

(d) Simple calculations show

F [f(x+ y)](ξ) =
1

(2π)n/2

∫
Rn

e−ix·ξf(x+ y) dx

=
1

(2π)n/2

∫
Rn

eiy·ξe−i(x+y)·ξf(x+ y) dx

= eiy·ξF [f(x)](ξ)

(1.34)

and

F [eix·yf(x)](ξ) =
1

(2π)n/2

∫
Rn

eix·ye−ix·ξf(x) dx

=
1

(2π)n/2

∫
Rn

e−ix·(ξ−y)f(x) dx

= F [f(x)](ξ − y) .

(1.35)

(e) By change of variables

F [f(tx)] =
1

(2π)n/2

∫
Rn

e−ix·ξf(tx) dx

=
t−n

(2π)n/2

∫
Rn

e−iy·(t
−1ξ)f(y) dy

= t−nF [f ](t−1ξ) .

(1.36)
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(f) By change of variables

f̂(Aξ) =
1

(2π)n/2

∫
Rn

e−ix·Aξf(x) dx

=
1

(2π)n/2

∫
Rn

e−iA
T x·ξf(x) dx

=
1

(2π)n/2

∫
Rn

e−iy·ξf(Ay)| detA| dy

=
1

(2π)n/2

∫
Rn

e−iy·ξf(y) dy = f̂(ξ) .

(1.37)

(g) By Fubini’s theorem∫
Rn

f̂(x)g(x) dx = (2π)−n/2
∫
Rn

∫
Rn

e−iy·xf(y) dyg(x) dx

= (2π)−n/2
∫
Rn

∫
Rn

e−iy·xg(x) dxf(y) dy

=

∫
Rn

f(y)ĝ(y) dy .

(1.38)

(h) For f ∈ S(Rn) we have

(f̂)∨(x) = (2π)−n
∫
Rn

eix·ξf̂(ξ) dξ . (1.39)

Define Iε by
Iε = (2π)−n/2

∫
Rn

eix·ξ−ε
2|ξ|2/2f̂(ξ) dξ . (1.40)

By the dominated convergence theorem Iε converges to (f̂)∨(x) pointwise as
ε→ 0. So it satisfies to show that Iε converges to f pointwise.
Simple calculations show that the Fourier transform of φ(x) = e−|x|2/2 is φ(ξ).
Hence, if we set

g(ξ) = eix·ξ−ε
2|ξ|2/2 (1.41)

part (d) implies that
ĝ(η) = ε−ne−|x−η|2/(2ε2) . (1.42)

Thus, by formal self-adjointness of the Fourier transform, it follows that

Iε(x) = (2π)−n/2
∫
Rn

g(ξ)f̂(ξ) dξ = (2π)−n/2
∫
Rn

ĝ(ξ)f(ξ) dξ

= (2π)−n/2
∫
Rn

ε−ne−|x−η|2/(2ε2)f(ξ) dξ

= f ∗ ((2π)−n/2φε) → f

(1.43)

as ε → 0 by Proposition 1.10. Hence, Iε converges to f pointwise, and hence
it follows that F−1 is an inverse to the Fourier transform.
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(i) Using the density of the Schwartz-functions we can define the Fourier trans-
form on Lp by taking an approximating sequence of functions if the Fourier
transform is a bounded linear transform in the p-norm for ϕ ∈ S(Rn). This
is indeed the case for p = 2. First define ψ(x) = ϕ(−x), then by a change of
variables

ψ̂(ξ) = (2π)−n/2
∫
Rn

e−ix·ξψ(x) dx = (2π)−n/2
∫
Rn

e−ix·ξϕ(−x) dx

= (2π)−n/2
∫
Rn

e−ix·ξϕ(x) dx = ϕ̂ .

(1.44)

Thus,

‖ϕ̂‖22 =
∫
Rn

ϕϕ =

∫
Rn

ϕ(x)ψ(−x) dx

= (ϕ ∗ ψ)(0) = ((ϕ ∗ ψ)∧)∨(0)

=

∫
Rn

(ϕ ∗ ψ)∧(ξ) dξ =
∫
Rn

ϕ̂(ξ)ψ̂(ξ) dξ

=

∫
Rn

ϕ̂(ξ)ϕ̂(ξ) dξ = ‖ϕ̂‖22 ,

(1.45)

which proves that the Fourier transform extends to a bounded linear operator
on L2, and is isometric on it.

This finishes the proofs to this proposition. �

Definition 1.19. For a general tempered distribution u ∈ S ′(Rn) define its
Fourier transform by the following prescription

û(ϕ) = u(ϕ̂) ϕ ∈ S(Rn) . (1.46)

The following theorem gives an estimate for the Fourier transform of a compactly
supported smooth tempered distribution.

Theorem 1.2 (Paley-Wiener). Suppose that u ∈ S ′(Rn), and suppose furthermore
that there exists some constant a ≥ 0 such that suppu ⊆ {|x| ≤ a}. Then the
Fourier transform û of u is smooth and analytic. Furthermore, if u is smooth then
for any m = 0, 1, . . . there is a constant Cm ≥ 0 such that

|û(ξ)| ≤ Cm(1 + |ξ|)−m . (1.47)

Proof. Because u is compactly supported we may see the Fourier transform of u
as

û = (2π)−n/2u(e−ix·ξ) = (2π)−n/2
∫
Rn

e−ix·ξu(x) dx . (1.48)

To see this apply u to the Fourier transform of a compactly supported smooth
function ϕ for which ϕ ≡ 1 on the support of u, and apply Fubini’s theorem.
Hence, the Fourier-Laplace transform defined by

Û(ξ + iη) =
1

(2π)n/2

∫
|x|≤a

e−ix·(ξ+iη)u(x) dx (1.49)
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exists and satisfies û(ξ) = Û(ξ+i0). Then by the dominated convergence theorem,
for any j = 1, 2 . . . , n,

∂ξj − i∂ηj Û =
1

(2π)n/2

∫
|x|≤a

(∂ξj − i∂ηj)e
−ix·(ξ+iη)u(x) dx = 0 . (1.50)

Hence, Û(ξ + iη) is holomorphic in all its variables, and thus analytic. It follows
then that û(ξ) is smooth and analytic.

Now assume that u is also smooth, then u is in fact also a Schwartz function and
the previous proposition shows that

|ξαû(ξ)| ≤ 1

(2π)n/2

∫
|x|≤a

|Dα
xu(x)| dx ≤ Va sup

|x|≤a
|Dα

xu(x)| <∞, (1.51)

where Va is the volume of the ball of radius a. Now Equation (1.51) implies
Equation (1.47). �

1.4 Homogeneous distributions

In this section we define homogeneous distributions as in [Tay11]. The aim of this
section is to compute the Fourier transform of the distributions 1/|x|m for different
integer values of m and in different dimensions n. But first we define the singular
support of a distribution.

Definition 1.20 (Singular support). Let u ∈ S ′(Rn), we say that u is smooth
on an open set Ω ⊆ Rn, if there is a function v ∈ C∞(Ω) such that u = v on
Ω. Finally, the singular support of u is the smallest closed set K such that u is
smooth on Ω = Rn \K. We denote this singular support K by sing suppu.

The following shows a use of the singular support of a distribution.

Definition 1.21 (Homogeneous distributions). Let f ∈ S(Rn). We say that f is
homogeneous of degree m ∈ C if

D(t)f(x) = f(tx) = tmf(x) for all t > 0 . (1.52)

By a change of variables it is clear that∫
Rn

(D(t)f(x))g(x) dx = t−n
∫
Rn

f(x)(D(t−1)g(x)) dx . (1.53)

Hence, we say that u ∈ S ′(Rn) is homogeneous of degree m if for any f ∈ S(Rn)

〈f,D(t)u〉 = t−n
〈
D(t−1)f, u

〉
= tm 〈f, u〉 for all t > 0 . (1.54)

We say that any such distribution u which satisfies this property is an element of
Hm(Rn).
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Example 1.22. The delta-distribution δ ∈ S ′(Rn) is homogeneous of degree −n.
This is clear, since

〈f,D(t)δ〉 = t−n
〈
D(t−1)f, δ

〉
= t−nf(0) = t−n 〈f, δ〉 . (1.55)

By Proposition 1.18 part (e), it follows that

F [D(t)f ] = t−n(D(t−1)F(f)) . (1.56)

Hence, the Fourier transform is a linear map

F : Hm(Rn) → H−m−n(Rn) . (1.57)

Define the setH#
m(Rn) as the intersection of distributions which are smooth outside

the origin, i.e. have singular support given by the set K = {0} and distributions
which are homogeneous of degree m. Then

Lemma 1.23. The Fourier transform F is a linear map

F : H#
m → H#

−m−n (1.58)

Proof. Clearly from the previous discussion it follows that homogeneity is pre-
served. It is left to prove that F preserves smoothness outside the origin.

Take some u ∈ H#
m and take some 0 ≤ φ ≤ 1 ∈ C∞

0 (Rn), which is 1 on the set
{|x| < R}. Then u = φu+(1−φ)u = u1+u2. By the Paley-Wiener Theorem 1.2,
it follows that F [u1] is smooth. Thus, the lemma is proven, once F [u2] is smooth
outside the origin.

The following lemma will imply this fact.

Lemma 1.24. Let Sm1 ⊆ S ′(Rn) be the class of smooth functions, such that
|Dα

xu(x)| ≤ Cα(1 + |x|2)(m−|α|)/2 = 〈x〉m−|α|. For any u ∈ Sm1 (Rn) it holds that
û ∈ C∞(Rn \ 0).

Proof. We will show that for any u ∈ Sm1 the function xβû is bounded and continu-
ous, and that all of its derivatives are too. For m < −n, it holds that any function
u ∈ Sm1 is absolutely integrable, hence it follows that the Fourier transform is a
continuous map

F : Sm1 → L∞(Rn) ∩ C(Rn) . (1.59)

Now take m to be arbitrary, then for u ∈ Sm1 it holds that xαDβu ∈ Sm+|α|−|β|
1

hence
Dα(x

βû) = F [Dβu] ∈ L∞(Rn) ∩ C(Rn) (1.60)

if |β| > m+ n+ |α|. This shows that û is smooth outside the origin. �

We finish the proof of Lemma 1.23 by the observation that u2 ∈ SRe(m)
1 , since on

the set {|x| < R} we have u2(x) = 0 and outside that compact set we have that
|u2| ≤ |u| ≤ (1 + |x|2)m/2 because u is homogeneous of degree m. �
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Theorem 1.3. The Fourier transform of the distribution u(x) = 1/|x|2 is given
by

û(ξ) =

{
log |ξ| if n = 2,

2(n−4)/2Γ
(
n
2
− 1
)
|ξ|2−n if n ≥ 3 .

(1.61)

Proof. Unfortunately, as our distribution u = 1/|x|2 is not locally integrable on
R2, computing its Fourier transform is not immediately possible. The idea of
the following paragraphs will be to create an extension Eϕ of our homogeneous
tempered distribution u ∈ H#

−2(R2) ⊆ S ′(R2) such that F [u] = F [Eϕ].

We define this Eϕ ∈ S ′(Rn) by the following prescription

〈v, Eϕu〉 =
∫
R2

u(x)[v(x)− v(0)ϕ(x)] dx v ∈ S(Rn) , (1.62)

where ϕ(x) ∈ S(R2) is any radial function, which satisfies ϕ(0) = 1. Now Eϕ is
no longer a homogeneous distribution, indeed:

〈v,D(t)Eϕu〉 = t−2

∫
R2

u(x)[v(x)− v(0)ϕ(tx)] dx = t−2
〈
v, ED(t)ϕu

〉
, (1.63)

so that D(t)Eϕu = t−2ED(t)ϕu. Notice furthermore, that Eϕu is identical to u on
R2 \ 0. This is due to the fact that the prescription of Eϕu can be represented
informally as

Eϕu = u(x)[1− ϕ(x)δ(x)] . (1.64)

Furthermore, the dependence on the radial function can be seen from the following

〈v, Eϕu− Eψu〉 =
∫
R2

u(x)[ψ(x)− ϕ(x)]v(0) dx

=

(∫
R2

u(x)[ψ(x)− ϕ(x)] dx

)
〈v, δ〉 .

(1.65)

Hence by Equations (1.63) and (1.65), it follows that

D(t)Eϕu = t−2[ED(t)ϕu− Eϕu+ Eϕu]

= t−2

(∫
R2

u(x)[ϕ(x)− ϕ(tx)] dx

)
δ + t−2Eϕu

= 2πt−2

(∫ ∞

0

1

r
[ϕ(r)− ϕ(tr)] dr

)
δ + t−2Eϕu

= 2πt−2

(
lim
ε↓0

∫ ∞

ε

1

r
ϕ(r) dr −

∫ ∞

ε

1

r
ϕ(tr) dr

)
δ + t−2Eϕu

= 2πt−2

(
lim
ε↓0

∫ ∞

ε

1

r
ϕ(r) dr −

∫ ∞

tε

1

r
ϕ(r) dr

)
δ + t−2Eϕu

= 2πt−2

(
lim
ε↓0

∫ tε

ε

1

r
ϕ(r) dr

)
δ + t−2Eϕu .

(1.66)
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Using the fact that ϕ(0) = 1 it now follows that

D(t)Eϕu = 2πt−2

(
lim
ε↓0

∫ tε

ε

1

r
(1 +O(r)) dr

)
δ + t−2Eϕu

= 2πt−2

(
lim
ε↓0

log(tε)− log(ε)

)
δ + t−2Eϕu

= t−2Eϕu+ 2πt−2 log(t)δ .

(1.67)

Thus, by Proposition 1.18 part (e) it follows that

D(t)F [Eϕu] = F [Eϕu] + log t . (1.68)

Because Eϕu is rotationally invariant, it follows by Proposition 1.18 part (f) that
F [Eϕu] is also rotationally invariant, hence there is some constant B, depending
on the choice of ϕ, such that

F [Eϕu](ξ) = log |ξ|+B . (1.69)

Of course a “good” choice of ϕ would be a ϕ such that B = 0. We set this
distribution Eϕ to be the finite part distribution PFr−2. In this case

F [PFr−2](ξ) = log |ξ| . (1.70)

This whole construction is the dimension two case of Theorem 1.3.

For the higher dimensional cases note that both r−2 and r2−n are locally absolutely
integrable in Rn, hence they both naturally define an element of S ′(Rn). Then by
Proposition 1.18 part (i), it follows, for any Schwartz function v, that the identity
〈v, r−2〉 = c 〈v̂, r2−n〉 holds. In particular if we set v = e−|x|2/2, then v̂ = e−|ξ|2/2,
so that ∫

Rn

e−|x|2/2

|x|2
dx = c

∫
Rn

e−|x|2/2

|x|n−2
dx (1.71)

The left-hand side can be simplified by〈
v, r−2

〉
= An−1

∫ ∞

0

rn−3e−r
2/2 = 2(n−4)/2An−1

∫ ∞

0

s(n−4)/2e−s ds

= 2(n−4)/2An−1Γ
(n
2
− 1
) (1.72)

whereas the right-hand side can be simplified by〈
v̂, r2−n

〉
= An−1

∫ ∞

0

r2−nrn−1e−r
2/2 = An−1

∫ ∞

0

e−s ds = An−1 . (1.73)

Hence, we find an expression for c given by

c = 2(n−4)/2Γ
(n
2
− 1
)
. (1.74)

Consequently, we have proven the second part of Theorem 1.3. �
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More generally, using a similar construction, we can prove the following proposi-
tion.

Proposition 1.25. For m = −n− j with j = 0, 1, 2, . . . and for any um ∈ S ′(Rn)
of the form of

um(x) = |x|mω(x/|x|) x 6= 0 , (1.75)

with ω ∈ C∞(Sn−1), there is an extension Eum such that F [Erm] exists and is
given by

F [Eum](ξ) = wj(ξ) + pj(ξ) log |ξ| (1.76)

where wj ∈ H#
j (Rn) and pj(ξ) is a homogeneous polynomial of degree j.

Proof. First take any radial Schwartz function ϕ(x) for which it holds that ϕ(0) =
1 and 1−ϕ vanishes with order at least j. Then define the tempered distribution
Eϕ,jum by the prescription

〈v, Eϕ,jum〉 =
∫
Rn

um(x)

v(x)− ∑
|α|≤j

v(α)(0)

α!
xαϕ(x)

 dx . (1.77)

Then, once again, Eϕ,jum agrees with um(x) on Rn \ 0, because, again the pre-
scription Eϕ,jum can be represented informally as

Eϕ,jum = um(x)

1− ∑
|α|≤j

δ(a)(x)

α!
xαϕ(x)

 . (1.78)

Furthermore, the dependence on ϕ is then given by

〈v, Eϕ,j − Eψ,j〉

=
∑
|α|≤j

1

α!

(∫
Rn

um(x)(ψ(x)− ϕ(x))xα dx

)〈
v, δ(α)

〉
.

(1.79)

As before, we see that

D(t)Eϕ,jum = tmED(t)ϕ,jum , (1.80)

such that

D(t)Eϕ,jum = tm
[
ED(t)ϕ,jum − Eϕ,jum + Eϕ,jum

]
= tmEϕ,jum + tm

∑
|α|<j

γα(t
j−|α| − 1)δ(α) + tm log t

∑
|α|=j

γαδ
(α) . (1.81)
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This is because by careful manipulations it holds that∑
|α|≤j

1

α!

[∫
Rn

xα|x|mω(x/|x|)(ϕ−D(t)ϕ) dx

]

= lim
ε↓0

∑
|α|≤j

1

α!

[ ∫
Rn\Bε

xα|x|mω(x/|x|)ϕ(x) dx

−
∫
Rn\Bε

xα|x|mω(x/|x|)ϕ(tx) dx
]

= lim
ε↓0

∑
|α|<j

[1− t−n−|α|−m]

α!

∫
Rn\Bε

xα|x|mω(x/|x|)ϕ(x) dx

+
∑
|α|=j

1

α!

∫
A(ε,tε)

xα|x|mω(x/|x|)ϕ(x) dx

=
∑
|α|<j

γα(t
j−|α| − 1) +

∑
|α|=j

γα log t .

(1.82)

Here A(ε, tε) denotes the spherical shell with inner radius min{ε, tε} and outer
radius max{ε, tε}. Then, if we set Eum to be the extension given by

Eum = Eϕ,jum −
∑
|α|<j

γαδ
(α) , (1.83)

we see that Eum agrees with um on Rn \ 0, and because m = −n− j we also see
that

D(t)Eum = D(t)Eϕ,jum −
∑
|α|<j

γαt
−n−|α|δ(α)

= tmEϕ,jum + tm
∑
|α|<j

γα(t
j−|α| − 1)δ(α)

+ tm log t
∑
|α|=j

γαδ
(α) −

∑
|α|<j

γαt
−n−|α|δ(α)

= tmEϕ,jum − tm
∑
|α|<j

γαδ
(α) + tm log t

∑
|α|=j

γαδ
(α)

= tmEum + tm log t
∑
|α|=j

γαδ
(α) .

(1.84)

Hence, for the Fourier transform of Eum it follows that

D(t)F [Eum] = tjF [Eum] + tj log t
∑
|α|=j

γ′αξ
α . (1.85)

Suppose now that for |ξ| = 1 it holds that F [Eum] = $(ξ), then

F [Eum](tξ) = tj$(ξ) + log t
∑
|α|=j

γ′α(tξ)
α, for |ξ| = 1 , (1.86)
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and hence
F [Eum] = wj(ξ) + pj(ξ) log |ξ| (1.87)

where wj(ξ) ∈ H#
j (Rn) and pj(ξ) is a homogeneous polynomial of degree j. �

Corollary 1.26. Suppose now further that um is of the form r−n−j with j a non-
negative integer, then there are constants C1, C2 such that F [Eum] is given by

F [Eum] = C1|ξ|j + C2|ξ|j log |ξ| . (1.88)

Proof. The rotational invariance of um implies rotational invariance of Eum. Then,
the Fourier transform F [Eum] is rotationally invariant. Equation (1.88) now fol-
lows, since the only rotationally invariant homogeneous distribution of degree j is
C1|ξ|j and since the only rotationally invariant homogeneous polynomial of degree
j is C2|ξ|j. �

The following calculations of Fourier transforms will be used in Chapter 3.

Proposition 1.27. The Fourier transform of 1/|x|4 on R2 is given by

F
[
|x|−4

]
=

1

2
|ξ|2 − 1

2
|ξ|2 log |ξ| . (1.89)

Proof. Notice that from the previous corollary it is sufficient to find the constants
C1, C2. Notice furthermore, that

C2 = lim
ξ→0

∆ξF [|x|−4]

2 log |ξ|
. (1.90)

On the other hand by taking ϕ to be the radial function giving thePFr−2 extension
of r−2, we find that the distribution |x|2 · Eϕ|x|−4 is equal to the PFr−2. Indeed:〈

v, |x|2Eϕ|x|−4
〉
=
〈
|x|2v, Eϕ|x|−4

〉
=

∫
R2

|x|−4
(
|x|2v(x)− |x|2v(0)ϕ(x)

)
dx

=

∫
R2

|x|−2 (v(x)− v(0)ϕ(x)) dx

=
〈
v,PFr−2

〉
,

(1.91)

hence
C2 = lim

ξ→0

∆ξF [|x|−4]

2 log |ξ|
= lim

ξ→0

−F [PFr−2]

2 log |ξ|
= −1

2
. (1.92)

Similarly, we have that

C1 + C2 = lim
|ξ|→1

∆ξF [|x|−4]

2
= lim

|ξ|→1

−F [PFr−2]

2
= 0 (1.93)

which finishes the proof. �
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We will use these results in Chapter 3 to calculate the Schwartz Kernel of the lead-
ing terms of the parametrix of the Laplace-Beltrami operator on a two-dimensional
space. The next results will allow us to do the same but in a three-dimensional
space.

Proposition 1.28. The Fourier transform of xixj/|x|6 on R3 is a given by
√
2π

16

(
δij|ξ|+

ξiξj
|ξ|

)
. (1.94)

Proof. Corollary 1.26 gives that

F [|x|−6] = C1|ξ|3 + C2|ξ|3 log |ξ| (1.95)

hence by Proposition 1.18 part (b) it follows that

F
[
x2i
|x|6

]
= ∂2ξiF

[
|x|−6

]
=

3(|ξ|2 + |ξi|2)(C1 + C2 log |ξ|) + C2(|ξ|2 + 4|ξi|2)
|ξ|

,

(1.96)

and that

F
[
xixj
|ξ|6

]
= ∂ξi∂ξjF

[
|x|−6

]
=
ξiξj (3C1 + 4C2 + 3C2 log |ξ|)

|ξ|
. (1.97)

We calculate the constant C2 first, and show that it is 0. Indeed,

12C2 = lim
ξ→0

∆ξF [|x|−6]

|ξ| log |ξ|
= lim

ξ→0

F [−|x|2 · |x|−6]

|ξ| log |ξ|

= lim
ξ→0

−D1|ξ| −D2|ξ| log |ξ|
|ξ| log |ξ|

= −D2 ,

(1.98)

and

D2 = lim
ξ→0

1

2

|ξ|∆ξF [|x|−4]

log |ξ|
= lim

ξ→0

1

2

|ξ|F [−|x|−2]

log |ξ|

= lim
ξ→0

1

2

|ξ|
log |ξ|

−
√
π/2

|ξ|
= 0 .

(1.99)

Hence, C2 = 0. Now we show that C1 =
√
2π/48. Indeed,

12C1 = lim
ξ→0

∆ξF [|x|−6]

|ξ|
= lim

ξ→0

F [−|x|2 · |x|−6]

|ξ|
= −D1 (1.100)

and

D1 = lim
ξ→0

1

2
|ξ|∆ξF [|x|−4] = lim

ξ→0

1

2
|ξ|F [−|x|−2] = −1

4

√
2π . (1.101)

Thus, C1 =
√
2π/48 and hence the lemma is proven. �

Corollary 1.29. The Fourier transform of |x|−4 on R3 is given by

−1

4

√
2π|ξ| . (1.102)
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1.5 Partitions of unity

This section is dedicated to the creation of a partition of unity on Rn. We show
that such a partition of unity exists, and give some properties.

Lemma 1.30 (Partitions of unity). On Rn there is a partition of unity {ψk}∞k=0 of
compactly supported smooth functions, with

(a) 0 ≤ ψk(ξ) ≤ 1,

(b) For each ξ ∈ Rn there are at least one and at most only three k such that
ψk(ξ) 6= 0,

(c)
∑∞

k=0 ψk(ξ) = 1 for all ξ ∈ Rn,

(d) suppψ0 ⊆ {ξ ∈ Rn : |ξ| ≤ 2},

(e) suppψk ⊆ {ξ ∈ Rn : 2k−2 ≤ |ξ| ≤ 2k+1},

(f) For each multi-index α, there is some constant Aα that only depends on the
multi-index α, such that

sup
ξ∈Rn

|(∂αξ ψk)(ξ)| ≤ Aα2
−k|α| . (1.103)

Proof. Take a compactly supported smooth function φ with the following proper-
ties

(a) 0 ≤ φ(ξ) ≤ 1

(b) φ(ξ) = 1 for 1 ≤ |ξ| ≤ 2

(c) φ(ξ) = 0 whenever |ξ| < 1
2
or |ξ| > 4

This function does indeed exist. Take f(t) = e−1/t for t > 0 and f(t) = 0 for
t ≤ 0, then define

φ̃(t) =


f(t− 1

2
)

f(t− 1
2
)+f(1−t) , for t ≤ 3

2

f(4−t)
f(4−t)+f(t−2)

, for t > 3
2

(1.104)

Then this function satisfies all the properties above, as can be seen in Figure
1.1. It is a smooth function by construction, and has compact support, again by
construction.

Now set φ(ξ) = φ̃(|ξ|), φ0(ξ) = φ̃(|ξ|+ 2) and φk(ξ) = φ(ξ/2k−1), for k ≥ 1 then

(a) For each ξ ∈ Rn there are at least one and at most only three k such that
φk(ξ) 6= 0

(b) suppφ0 ⊆ {ξ ∈ Rn : |ξ| ≤ 2}
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Figure 1.1: Cut-off functions

(c) suppφk ⊆ {ξ ∈ Rn : 2k−2 ≤ |ξ| ≤ 2k+1}

Set Φ(ξ) =
∑∞

k=0 φk(ξ), and let

ψk(ξ) =
φk(ξ)

Φ(ξ)
(1.105)

then ψk satisfies properties (a) through (e) of the lemma. Now to prove part (f)
of the lemma, calculate the derivative

(∂αψk)(ξ) =
∑
β≤α

(
α

β

)(
∂β

1

Φ
(ξ)

)(
∂α−βφk(ξ)

)
=
∑
β≤α

(
α

β

)(
∂β
(
1

Φ
(ξ)

))(
∂α−βφ(ξ/2k−1)

)
· 2−(k−1)|α−β| .

(1.106)

For each β the partial derivative

∂β
(
1

Φ

)
(ξ)

=
∑

β(1)+β(2)+···+β(l)=β

Cβ(1),β(2),...,β(l)

(
∂β

(1)
Φ
)
· · ·
(
∂β

(l)
Φ
)

Φl+1
,

(1.107)

where the sum is taken over all possible multi-indices β(1), . . . , β(l) which partition
β, and where Cβ(1),β(2),...,β(l) is a constant. We now claim that for each multi-index
γ there is a constant Cγ, such that

|(∂γΦ)(ξ)| ≤ Cγ2
−k|γ| (1.108)
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for all ξ ∈ supp(ψk). If we assume this claim to be true, then for all ξ ∈ supp(ψk)∣∣∣∣∂β ( 1

Φ

)
(ξ)

∣∣∣∣ ≤ ∑
β(1)+β(2)+···+β(l)=β

|Cβ(1),β(2),...,β(l) |
Cβ(1) · · ·Cβ(1)2−k|β|

|Φ(ξ)|l+1

≤ C ′
β2

−k|β| ,

(1.109)

and hence

|(∂αψk)(ξ)| ≤
∑
β≤α

(
α

β

)
C ′
β2

−k|β|Cα,β2
−(k−1)|α−β| = Aα2

−k|α| , (1.110)

which proves part (f). To finish we need to prove the claim made in Equation
(1.108). We take three cases: k = 0, k = 1 and k ≥ 2.

First take k = 0, then ξ ∈ suppψ0 implies ξ ∈ suppφj for j = 0, 1, 2, and hence

(∂γΦ)(ξ) = (∂γφ0)(ξ) +
2∑
j=1

(∂γφ)(ξ/2j−1)2−(j−1)|γ| . (1.111)

Thus, because all functions are compactly supported, any of their derivatives are
compactly supported, which have a maximum such that

|(∂γΦ)(ξ)| ≤ Cγ . (1.112)

Similarly, if k = 1, then for all ξ ∈ supp(ψ1) we have ξ ∈ supp(φj) for j = 0, 1, 2, 3.
Thus,

(∂γΦ)(ξ) = (∂γφ0)(ξ) +
3∑
j=1

(∂γφ)(ξ/2j−1)2−(j−1)|γ| , (1.113)

such that
|(∂γΦ)(ξ)| ≤ C ′

γ(2
|γ| + 1 + 2−|γ| + 2−2|γ|)

= C ′
γ(2

2|γ| + 2|γ| + 1 + 2−|γ|)2−|γ| (1.114)

for all ξ ∈ supp(ψ1).

Now assume that k ≥ 2, then for all ξ ∈ supp(ψk) we have ξ ∈ supp(φj) for
j = k − 2, k − 1, k, k + 1, k + 2, and it holds that

Φ(ξ) =
k+2∑
j=k−2

φj(ξ) (1.115)

thus

(∂Φ)(ξ) =
k+2∑
j=k−2

(∂γφ)(ξ/2j−1)2−(j−1)|γ| . (1.116)

Therefore, there is a constant C ′′
γ such that

|(∂γΦ)(ξ)| ≤ C ′′
γ (2

−(k−3)|γ| + 2−(k−2)|γ| + 2−(k−1)|γ| + 2−k|γ|2−(k−1)|γ|)

= C ′
γ(2

3|γ| + 22|γ| + 2|γ| + 1 + 2−|γ|)2−k|γ| ,
(1.117)

which finishes the proof of the claim and the lemma. �
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2 Pseudodifferential operators

In this chapter we look at pseudodifferential operators on flat Euclidean spaces
and is material adapted and expanded upon from [Won14]. We define pseudo-
differential operators, look at how to compose two pseudodifferential operators.
In the second section we show that pseudodifferential operators are bounded linear
operators on L2. Furthermore, we show that pseudodifferential operators can be
expressed as an integral operator using its Schwartz kernel. In the third section we
look at elliptic pseudodifferential operators, and give their approximate inverse,
the so called parametrix. Finally, in the last section we look at some applications
of pseudodifferential operators on Sobolev spaces, and give an elliptic regularity
result.

2.1 Symbols

In this section we give an introduction to pseudodifferential operators. In par-
ticular, we give the definition of pseudodifferential operators, and show how to
compose two pseudodifferential operators.

Definition 2.1 (Symbol). Let k be a real number. We say that a smooth function
a(x, ξ) ∈ C∞(Rn ×Rn) is a symbol if for all multi-indices α, β there is a constant
Cα,β ≥ 0, which depends only on the multi-indices α, β, such that∣∣∣Dα

xD
β
ξ a(x, ξ)

∣∣∣ ≤ Cα,β(1 + |ξ|)k−|β| (2.1)

for all (x, ξ) ∈ Rn × Rn. Denote the set of symbols of order k as Sk.

Recall that in Definitions 1.2 and 1.4 we defined the symbol of a partial differential
operator. This definition generalises the symbol of a partial differential operator.
We also define homogeneous symbols.

Definition 2.2. We say that a symbol a(x, ξ) ∈ Sk of order k is homogeneous of
degree k, if there is some positive constant R such that

Dξ(t)a(x, ξ) := a(x, tξ) = tka(x, ξ) (2.2)

outside some compact set {|ξ| ≤ R}.

We will see later that homogeneous symbols have additional properties.

Using Definition 2.1 we are able to define a pseudodifferential operator.
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Definition 2.3 (Pseudodifferential operators). For a symbol a of order k define
a linear operator Ta : S(Rn) → S(Rn) by

(Taf)(x) =
1

(2π)n/2

∫
Rn

eix·ξa(x, ξ)f̂(ξ) dξ

= F−1
[
a(x, ξ)f̂(ξ)

]
.

(2.3)

We will see at a later stage that this operator extends uniquely to an operator
Ta : S ′(Rn) → S ′(Rn).

Asymptotic expansions

The sum of two symbols a0 and a1 of orders k0 and k1 respectively, is a symbol
of order max{k0, k1}. The following definitions, lemmata and propositions show
that even a series of symbols is a symbol under certain conditions.

Definition 2.4 (Asymptotic expansion). Let a(x, ξ) ∈ Sk be a symbol, and let
k = k0 > k1 > k2 > . . . > kj → −∞ be a sequence of decreasing numbers, and akj
be symbols of order kj such that

a−
N−1∑
j=0

aj ∈ SkN (2.4)

for every integer N > 0, then
∑∞

j=0 aj is an asymptotic expansion of a, and write

a ∼
∞∑
j=0

aj . (2.5)

The following proposition shows the uniqueness of an asymptotic expansion.

Proposition 2.5. Suppose a ∈ Sk is a symbol with an asymptotic expansion of
a given by

a ∼
∞∑
j=0

aj (2.6)

where aj ∈ Skj . Suppose further that two symbols a, b have the same asymptotic
expansion, then a− b ∈ ∩k∈RSk and Ta− Tb = Ta−b is infinitely smoothing, i.e. for
every f ∈ S ′(Rn), the function Ta−bf ∈ C∞(Rn) is smooth.

The following lemma shows that symbols of lower order can be included in higher
order symbol classes.

Lemma 2.6. Let a ∈ Sk be a symbol of order k, then a ∈ S l for any l > k.
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Proof. Notice that since a ∈ Sk

|Dα
xD

β
ξ a(x, ξ)| ≤ Cα,β(1 + |ξ|)k−|β| ≤ Cα,β(1 + |ξ|)l−|β| , (2.7)

thus a ∈ S l also. �

Proof of Proposition 2.5. Notice that for every positive integer

a− b =

(
a−

N−1∑
j=0

aj

)
−

(
b−

N−1∑
j=0

aj

)
∈ SkN (2.8)

then as N → ∞, by Lemma 2.6, it follows that

c = a− b ∈ lim
N→∞

⋂
k≥kN

Sk =
⋂
k∈R

Sk . (2.9)

The second statement we will defer to later at this stage, since we first need to
define the pseudodifferential operator on tempered distributions. We will still
call symbols c ∈

⋂
k∈R Sk and their associated pseudodifferential operators Tc

(infinitely) smoothing. �

Corollary 2.7. Let a(x, ξ) ∈ C∞(Rn×Rn) be a symbol of order k, such that there
is a positive constant R > 0, such that for all |ξ| > R it holds that a(x, ξ) = 0 for
all x ∈ Rn, then a ∈ ∩k∈RSk and Ta is infinitely smoothing.

Proof. Observe that there exists non-negative constants Cα,β, which depends only
on the multi-indices α, β, such that

|Dα
xD

β
ξ a(x, ξ)| ≤ Cα,β(1 + |ξ|)k−|β| (2.10)

Observe that (1+ |ξ|)k−|β| attains some maximum in the compact set |ξ| ≤ R. By
sufficiently changing the constant Cα,β to some C ′

α,β notice that

|Dα
xD

β
ξ a(x, ξ)| ≤ C ′

α,β(1 + |ξ|)k−m−|β| (2.11)

for any m > 0. Together with Lemma 2.6, this shows that a ∈ ∩k∈RSk, and by
Proposition 2.5 Ta is infinitely smoothing. �

We have now shown that if a has an asymptotic expansion, then a is unique up
to a symbol of order −∞. The following proposition states that if we have a
sequence of decreasing symbols, then there is a symbol, which has the series as its
asymptotic expansion.

Proposition 2.8. Let k = k0 > k1 > k2 > . . . > kj → −∞ be a sequence of
decreasing numbers and let aj be symbols of order kj respectively, then there is a
symbol a ∈ Sk of order k such that

a ∼
∞∑
j=0

aj . (2.12)
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Proof. Take 0 ≤ φ(ξ) ≤ 1 ∈ C∞
0 (Rn) a compactly supported smooth function

such that φ = 1 whenever |ξ| ≤ 1 and φ = 0 whenever |ξ| ≥ 2, and define
ψ = 1− φ ∈ C∞(Rn). Let (εj)j∈N ⊆ (0, 1] be a decreasing sequence converging to
0, and set

a(x, ξ) =
∞∑
j=0

ψ(εjξ)aj(x, ξ) . (2.13)

This a priori infinite sum, has at any point (x0, ξ0) and any neighbourhood U
around it only finitely many terms, since for every such point and neighbourhood,
it is possible to find an integer N such that for every j > N

ψ(εjξ)aj(x, ξ) = 0 (2.14)

for every (x, ξ) ∈ U . Hence, a(x, ξ) from Equation (2.13) is a smooth function
C∞(Rn × Rn).

To show that a(x, ξ) is indeed a symbol, it is required to show that for any two
multi-indices α, β there exists some constant Cα,β, which depends only on the
multi-indices α and β, such that

|Dα
xD

β
ξ a(x, ξ)| ≤ Cα,β(1 + |ξ|)k−|β| . (2.15)

By the chain rule

|Dα
ξ ψ(εξ)| ≤ Aαε

|α| where Aα = sup
ξ∈Rn

|Dα
ξ ψ(ξ)|. (2.16)

Because suppψ(εξ) ⊆ {ξ ∈ Rn : 2/ε ≤ |ξ| ≤ 1/ε}, it follows that Dα
ξ (ψ(εξ)) is

non-zero whenever ε ≤ 2/|ξ| ≤ 4/(1 + |ξ|). Then |Dα
ξ ψ(εξ)| ≤ A′

α(1 + |ξ|)−|α| and

|Dα
xD

β
ξψ(εξ)aj(x, ξ)|

=

∣∣∣∣∣∑
γ≤β

(
β

γ

)
A′
β−γ(1 + |ξ|)|γ|−|β|Cα,β−γ(1 + |ξ|)kj−|γ|

∣∣∣∣∣
≤ C̃α,β(1 + |ξ|)−1(1 + |ξ|)kj+1−|β| ≤ 4εC̃α,β,j(1 + |ξ|)kj+1−|β| .

(2.17)

Choose εj decreasing so, that 4εjC̃α,β < 2−j for each j. Then set J so that for all
j > J it holds that kj + 1 ≤ k0 then

|Dα
xD

β
ξ a(x, ξ)|

≤
J∑
j=0

∣∣∣Dα
xD

β
ξψ(εjξ)aj(x, ξ)

∣∣∣+ ∞∑
j=J+1

∣∣∣Dα
xD

β
ξψ(εjξ)aj(x, ξ)

∣∣∣
≤

J∑
j=0

Cα,β,j(1 + |ξ|)k0−|β| +
∞∑

j=J+1

4εjC̃α,β,j(1 + |ξ|)kj+1−|β|

< C ′
α,β(1 + |ξ|)k0−|β| + 2−J(1 + |ξ|)k0−|β| ≤ Cα,β(1 + |ξ|)k0−|β|

(2.18)
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since the first sum is a finite sum of symbols of order k0 by Lemma 2.6 and since
0 ≤ ψ ≤ 1. The conclusion of this calculation is that a(x, ξ) is a symbol of order
k = k0.

Now

a(x, ξ)−
N−1∑
j=0

aj(x, ξ) = −
N−1∑
j=0

φ(εjξ)aj(x, ξ) +
∞∑
j=N

ψ(εjξ)aj(x, ξ) (2.19)

is a symbol of order kN , since
∑N−1

j=0 φ(εjξ)aj(x, ξ) is compactly supported in ξ,
and hence an element of the intersection ∩k∈RSk by Corollary 2.7, and

∞∑
j=N

ψ(εjξ)aj(x, ξ) ∈ SkN (2.20)

is a symbol precisely of order kN by identical calculations as above. �

Composition of pseudodifferential operators

We use the theory from the previous subsection to show that the composition of
two pseudodifferential operators once again yields a pseudodifferential operator.

Theorem 2.1 (Composition of pseudodifferential operators). Let a, b be symbols
of order k1 and k2 respectively, and let Ta, Tb be the corresponding pseudodifferential
operators. Then there is a symbol c := a]b which has an asymptotic expansion
given by

(a]b)(x, ξ) ∼
∑
α

(−i)|α|

α!
(∂αξ a(x, ξ))(∂

α
x b(x, ξ)) (2.21)

of order k1 + k2 such that Tc = Ta ◦ Tb is a pseudodifferential operator.

A small lemma precedes the proof of the theorem.

Lemma 2.9. Given a symbol a ∈ Sk of order k, and the partition of unity ψk as
defined in Lemma 1.30 there are symbols ak(x, ξ) = ψk(ξ)a(x, ξ), such that

Ta =
∞∑
k=0

Tak (2.22)

Proof. By construction, the sum of the symbols ak(x, ξ) is a(x, ξ). Furthermore,
by positivity of the integrand, it follows that

∞∑
k=0

1

(2π)n/2

∫
Rn

|ak(x, ξ)| · |f̂(ξ)| dξ

=
1

(2π)n/2

∫
Rn

∞∑
k=0

|ak(x, ξ)| · |f̂(ξ)| dξ

=
1

(2π)n/2

∫
Rn

|a(x, ξ)| · |f̂(ξ)| dξ <∞

(2.23)
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because f̂ ∈ S(Rn), and |a(x, ξ)| ≤ C0,0(1+ |ξ|)k. Hence, by Tonelli’s and Fubini’s
theorema for exchanging integrals and series, it follows that

∞∑
k=0

Takf(x) =
∞∑
k=0

1

(2π)n/2

∫
Rn

eix·ξak(x, ξ)f̂(ξ) dξ

=
1

(2π)n/2

∫
Rn

eix·ξ
∞∑
k=0

ak(x, ξ)f̂(ξ) dξ

=
1

(2π)n/2

∫
Rn

eix·ξa(x, ξ)f̂(ξ) dξ = (Taf)(x) .

(2.24)

Hence, it follows that Ta =
∑
Tak . �

Proof of Theorem 2.1. Look at the composition of operators

(Tak ◦ Tbf)(x) =
1

(2π)n/2

∫
Rn

eix·ξak(x, ξ) (Tbf)
∧ (ξ) dξ

=
1

(2π)n

∫
Rn

eix·ξak(x, ξ)

∫
Rn

e−iξ·y(Tbf)(y) dy dξ

=
1

(2π)n

∫
Rn

(Tbf)(y)

∫
Rn

ei(x−y)·ξak(x, ξ) dξ dy

=
1

(2π)n/2

∫
Rn

(Tbf)(y)Kk(x, x− y) dy ,

(2.25)

where the interchange of integration is justified by the support of ak(x, ξ) being
compact in ξ, and where Kk(x, x− y) is the Schwartz kernel of ak(x, ξ) defined by

Kk(x, z) =
1

(2π)n/2

∫
Rn

eiz·ξak(x, ξ) dξ . (2.26)

Then

(Tak ◦ Tbf)(x) =
1

(2π)n/2

∫
Rn

(Tbf)(y)Kk(x, x− y) dy

=
1

(2π)n

∫
Rn

Kk(x, x− y)

∫
Rn

eiy·ηb(y, η)f̂(η) dη dy

=
1

(2π)n

∫
Rn

eix·η
∫
Rn

Kk(x, x− y)ei(y−x)·ηb(y, η) dy f̂(η) dη

=
1

(2π)n/2

∫
Rn

eix·ηck(x, η)f̂(η) dη

(2.27)

where ck is the symbol defined by

ck(x, η) =
1

(2π)n/2

∫
Rn

Kk(x, x− y)ei(y−x)·ηb(y, η) dy

=
1

(2π)n/2

∫
Rn

Kk(x, z)e
−iz·ηb(x− z, η) dz .

(2.28)
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Now c(x, ξ) = a]b =
∑
ck(x, ξ), but what is still required to show, is that c indeed

is a symbol of order k1 + k2 and that c does have the asymptotic expansion as
given in Equation (2.21).

After taking a Taylor expansion of b(x − z, η) around (x, η), by Proposition 1.18
part (b), and by the Fourier inversion formula, Proposition 1.18 part (h), it follows
that

ck(x, η) =
∑

|µ|<N1

(∂µxb(x, η))

(2π)n/2

∫
Rn

(−z)µ

µ!
e−iz·ηKk(x, z) dz

+
1

(2π)n/2

∫
Rn

e−iz·ηKk(x, z)RN1(x, z, η) dz

=
∑

|µ|<N1

(−i)|µ|

µ!

(∂µxb(x, η))

(2π)n/2
∂µη

∫
Rn

e−iz·ηKk(x, z) dz

+
1

(2π)n/2

∫
Rn

e−iz·ηKk(x, z)RN1(x, z, η) dz

=
∑

|µ|<N1

(−i)|µ|

µ!
(∂µxb(x, η))(∂

µ
η ak(x, η))

+
1

(2π)n/2

∫
Rn

e−iz·ηKk(x, z)RN1(x, z, η) dz ,

(2.29)

where the remainder RN1(x, z, η) can be given in integral form

RN1(x, z, η) = N1

∑
|µ|=N1

(−z)µ

µ!

∫ 1

0

(1− θ)N1−1(∂µxb(x− θz, η)) dθ . (2.30)

Thus for every integer N1 it is possible to write

c(x, ξ) =
∑

|µ|<N1

(−i)|µ|

µ!
(∂µξ a(x, ξ))(∂

µ
xb(x, ξ)) +

∞∑
k=0

T
(k)
N1

(x, ξ) (2.31)

with
T

(k)
N1

(x, ξ) =
1

(2π)n/2

∫
Rn

e−iz·ξKk(x, z)RN1(x, z, ξ) dz . (2.32)

We conclude that the sequence of decreasing order symbols∑
|µ|=N

(−i)|µ|

µ!
(∂µξ a(x, ξ))(∂

µ
xb(x, ξ))


N∈N

(2.33)

now provides an asymptotic expansion of c(x, ξ) if the remainder terms are suffi-
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ciently decreasing, since for any integer N1 larger than N it holds that

c(x, ξ)−
∑
|µ|<N

(−i)|µ|

µ!
(∂µξ a(x, ξ))(∂

µ
xb(x, ξ))

= c(x, ξ)−
∑

|µ|<N1

(−i)|µ|

µ!
(∂µξ a(x, ξ))(∂

µ
xb(x, ξ))

+
∑

N≤|µ|<N1

(−i)|µ|

µ!
(∂µξ a(x, ξ))(∂

µ
xb(x, ξ))

=
∞∑
k=0

T
(k)
N1

(x, ξ) +
∑

N≤|µ|<N1

(−i)|µ|

µ!
(∂µξ a(x, ξ))(∂

µ
xb(x, ξ))

(2.34)

lies in Sk1+k2−N if and only if
∑∞

k=0 T
(k)
N1

(x, ξ) lies in Sk1+k2−N . The following
lemma will establish this fact.

Lemma 2.10. For all non-negative integersM , there is a positive constant Cα,β,M,N1

such that
|Dα

xD
β
ξ T

(k)
N1

| ≤ Cα,β,M,N1(1 + |ξ|)k2−2M2(k1+2M−N1)k (2.35)

for all x, ξ ∈ Rn and all k = 0, 1, 2, . . ..

Assume this lemma for now. For all positive integers N , and all multi-indices α, β
we can choose an integer M such that

(1 + |ξ|)k2−2M ≤ (1 + |ξ|)k1+k2−N−|β| . (2.36)

Now find an integer N1 so large that

k1 + 2M −N1 < 0 . (2.37)

Then by Lemma 2.10, and by the choices on M and N1, it follows that

|Dα
xD

β
ξ T

(k)
N1

|

=

∣∣∣∣∣∣Dα
xD

β
ξ

c(x, ξ)− ∑
|µ|<N1

(−i)|µ|

µ!
(∂µξ a(x, ξ))(∂

µ
xb(x, ξ))

∣∣∣∣∣∣
≤

∞∑
k=0

Cα,β,M,N1(1 + |ξ|)k1+k2−N−|β|2(k1+2M−N1)k

= Cα,β(1 + |ξ|)k1+k2−N−|β| ,

(2.38)

for all x, ξ ∈ Rn, and where

Cα,β = Cα,β,M,N1

∞∑
k=0

2(k1+2M−N1)k . (2.39)

Hence, Theorem 2.1 is proved once we establish Lemma 2.10. �
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The following two lemmata imply Lemma 2.10.

Lemma 2.11. For all multi-indices α, β and non-negative integers N , there is a
constant A such that∫

Rn

|z|N |∂βx∂αzKk(x, z)| dz ≤ A2(k1+|α|−N)k . (2.40)

Proof. For this proof we use the inequality

|z|2N =

(
n∑
j=1

z2j

)N

=
∑
|γ|=N

(
N

γ

)
z2γ ≤ nN

∑
|γ|=N

|zγ|2 (2.41)

for any z ∈ Rn and any multi-index γ, which partitions N . We now find that by
Plancherel’s theorem∫

Rn

|zγ(∂βx∂αzKk)(x, z)|2 dz =
∫
Rn

|∂γξ (ξ
α∂βxak)(x, ξ)|2 dξ

=

∫
Wk

∣∣∣∣∣∑
γ′≤γ

(
γ

γ′

)
∂γ

′

ξ

(
ξα∂βxa(x, ξ)

)
∂γ−γ

′

ξ ψk(ξ)

∣∣∣∣∣
2

dξ

(2.42)

whereWk is the support of ψk which we constructed in Lemma 1.30. Furthermore,
by part (f) of that lemma, and by the fact that ξα∂βxa(x, ξ) is a symbol of order
k1 + |α| it follows that there are constants Cα,β,γ′ , Aγ,γ′ such that∫

Rn

|zγ(∂βx∂αzKk)(x, z)|2 dz

≤
∫
Wk

(∑
γ′≤γ

(
γ

γ′

)
Cα,β,γ′(1 + |ξ|)k1+|α|−|γ′|Aγ,γ′2

−k|γ−γ′|

)2

dξ

≤
∫
Wk

(∑
γ′≤γ

(
γ

γ′

)
Cα,β,γ′2

(k+2)(k1+|α|−|γ′|)Aγ,γ′2
−k|γ−γ′|

)2

dξ

(2.43)

because (1 + |ξ|) is bounded on Wk. Hence, it is possible to find a constant
Aα,β,γ,k1,n, which depends only on α, β, γ, k1 and n, such that∫

Rn

|zγ(∂βx∂αzKk)(x, z)|2 dz ≤ Aα,β,γ,k1,n2
k(n+2k1+2|α|−2|γ|) . (2.44)

Therefore, by Equation (2.41), there is a constant Aα,β,k1,n, which depends only
on α, β, k1 and n, such that∫

Rn

|z|2N |(∂βx∂αzKk)(x, z)|2 dz ≤ Aα,β,k1,n2
k(n+2k1+2|α|−2N) . (2.45)

Finally, to compute∫
Rn

|z|N |(∂βx∂αzKk)(x, z)| dz = I1 + I2 =∫
|z|≤2−k

|z|N |(∂βx∂αzKk)(x, z)| dz +
∫
|z|>2−k

|z|N |(∂βx∂αzKk)(x, z)| dz ,
(2.46)
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we use the Cauchy-Schwartz inequality on both integrals. Therefore, there is a
constant A1 depending on α, β, k1, n,N such that

I1 ≤
(∫

Rn

|z|2N |(∂βx∂αzKk)(x, z)|2 dz
)1/2(∫

|z|≤2−k

dz

)
≤ A12

k(n/2+k1+|α|−N)2−nk/2 = A12
(k1+|α|−N)k .

(2.47)

Similarly, there is a constant A2 depending on α, β, k1, n,N such that

I2 ≤
(∫

Rn

|z|2N+2n|(∂βx∂αzKk)(x, z)|2 dz
)1/2(∫

|z|>2−k

|z|−2n dz

)
≤ A22

k(n/2+k1+|α|−N−n)|Sn−1|n−1/22nk/2 = A32
(k1+|α|−N)k .

(2.48)

Here |Sn−1| is the surface area of the hypersphere Sn−1 and A3 a constant equal
to A2|Sn−1|n1/2. This finishes the proof. �

Lemma 2.12. For all multi-indices α, β, γ there is a constant Cα,β,γ such that

|(∂γz ∂αx∂
β
ξRN1)(x, z, ξ)| ≤ Cα,β,γ(1 + |ξ|)k2−|β|

∑
γ′≤γ

|z|N1−|γ′| . (2.49)

Proof. We calculate using the definition of RN1 from Equation (2.30) its derivatives

∂γz ∂
β
ξ ∂

α
xRN1(x, z, ξ)

= N1

∑
|µ|=N1

∑
γ′≤γ

(
γ

γ′

)
∂γ

′
z (−z)µ

µ!

∫ 1

0

(1− θ)N1−1

(∂βξ ∂
µ+α+γ−γ′
x b(x− θz, η))(−θ)|γ−γ′| dθ .

(2.50)

Thus using the fact that b is a symbol of order k2 it follows that there are constants
Cα,β,γ,γ′ , Cγ′ and Cα,β,γ such that

|(∂γz ∂αx∂
β
ξRN1)(x, z, ξ)| ≤ N1

∑
|µ|=N1

∑
γ′≤γ

(
γ

γ′

)
Cγ′|z|N1−|γ′|

µ!

∫ 1

0

(1− θ)N1−1

(Cα,β,γ,γ′(1 + |ξ|)k2−|β|)(−θ)|γ−γ′| dθ

≤ Cα,β,γ(1 + |ξ|)k2−|β|
∑
γ′≤γ

|z|N1−|γ′| ,

(2.51)

with
Cα,β,γ = N1

∑
|µ|=N1

sup
γ′≤γ

{(
γ

γ′

)
Cα,β,γ,γ′Cγ′

}
(2.52)

since the integral ∫ 1

0

(1− θ)N1−1(−θ)|γ−γ′| dθ ≤ 1 , (2.53)

which finishes the proof. �
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Proof of Lemma 2.10. For each multi-index we calculate

ξγ(∂αx∂
β
ξ T

(k)
N1

)(x, ξ)

= (2π)−n/2
∫
Rn

e−iz·ξ(i)|γ|(−i)|β|zβ∂αx∂γz
[
Kk(x, z)RN1(x, z, ξ)

]
dz

(2.54)

Hence by Leibniz formula we find that

|ξγ(∂αx∂
β
ξ T

(k)
N1

)(x, ξ)|

≤ (2π)−n/2
∑
α′≤α

∑
γ′≤γ

(
α

α′

)(
γ

γ′

)
∫
Rn

|z|β|(∂α′

x ∂
γ′

z RN1)(x, z, ξ)| · |∂α−α
′

x ∂γ−γ
′

z Kk(x, z)| dz .

(2.55)

Now by Lemma 2.12 we find that

|ξγ(∂αx∂
β
ξ T

(k)
N1

)(x, ξ)|

≤ (2π)−n/2
∑
α′≤α

∑
γ′≤γ

(
α

α′

)(
γ

γ′

)
Cα′,0,γ′(1 + |ξ|)k2∫

Rn

|z||β|
∑
γ′′≤γ′

|z|N1−|γ′′| · |∂α−α′

x ∂γ−γ
′

z Kk(x, z)| dz

= (2π)−n/2
∑
α′≤α

∑
γ′≤γ

(
α

α′

)(
γ

γ′

) ∑
γ′′≤γ′

Cα′,0,γ′(1 + |ξ|)k2∫
Rn

|z||β|+N1−|γ′′| · |∂α−α′

x ∂γ−γ
′

z Kk(x, z)| dz ,

(2.56)

which by Lemma 2.11 can be reduced to

|ξγ(∂αx∂
β
ξ T

(k)
N1

)(x, ξ)|

≤ (2π)−n/2
∑
α′≤α

∑
γ′≤γ

(
α

α′

)(
γ

γ′

) ∑
γ′′≤γ′

Cα′,0,γ′(1 + |ξ|)k2

· AN12
(k1+|γ−γ′|−|β|−N1+|γ′′|)k

= Cα,β,γ,N1(1 + |ξ|)k2 · 2(k1+|γ|−|β|−N1)k

≤ Cα,β,γ,N1(1 + |ξ|)k2 · 2(k1+|γ|−N1)k .

(2.57)

Now because (1 + |ξ|)2M ≤ CM(1 + |ξ|2)M =
∑

|γ|≤2M cγξ
γ, it follows that

(1 + |ξ|)2M · |(∂αx∂
β
ξ T

(k)
N1

)(x, ξ)| ≤ Cα,β,M,N1(1 + |ξ|)k2 · 2(k1+2M−N1)k (2.58)

for any positive integer M , which finishes the proof for this lemma. �

Using a similar proving techniques as we just used it is possible to extend pseudo-
differential operators to the tempered distributions.
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The formal adjoint of pseudodifferential operators

The following theorem which we do not prove, but which uses similar techniques
as the proof of Theorem 2.1 proves the existence and uniqueness, up to smoothing
operators, of the formal adjoint of a pseudodifferential operator.

Theorem 2.2. Let a(x, ξ) be a symbol of order k, and let Ta be the corresponding
pseudodifferential operator, then the function b(x, ξ) given by

b(x, ξ) =
∑
α

(−i)α

α!
(∂αx∂

α
ξ a)(x, ξ) (2.59)

is a symbol of order k and Tb is a pseudodifferential operator. Furthermore, for
all f, g ∈ S(Rn) it holds that

(Taf, g) =

∫
Rn

(Taf)(x)g(x) dx =

∫
Rn

f(x)(Tbg)(x) dx = (f, Tbg) . (2.60)

A proof can be found in [Won14] section 9.

We will denote the formal adjoint of a pseudodifferential operator T by T ∗. Us-
ing the formal adjoint we can extend pseudodifferential operators to tempered
distributions given in the following definition.

Definition 2.13. A pseudodifferential operator T : S(Rn) → S(Rn) extends to
an operator T : S ′(Rn) → S ′(Rn) under the prescription

(Tu)(f) = u(T ∗f) . (2.61)

This definition is consistent, since if u ∈ S(Rn) then

u(T ∗f) =

∫
Rn

u(x)T ∗f(x) dx =

∫
Rn

(Tu)(x)f(x) dx = (Tu)(f) . (2.62)

We can now also give the proof for the second part of Proposition 2.5.

Proof of the second part of Proposition 2.5. If c ∈ S−∞ =
⋂
k∈R Sk it follows that

for every fixed x0 ∈ Rn the function c(ξ) := c(x0, ξ) is a Schwartz function. Now let
v ∈ S ′(Rn) be the Fourier transform of u ∈ S ′(Rn), then v(c(ξ)eix0·ξ) exists and is
finite, and continuous. Hence, we may set (Tu)(x) = v(c(x, ξ)eix·ξ). Furthermore,
because

lim
t→0

v
(
c(x0, ξ)e

ix0·ξ − c(x0 + tei, ξ)e
i(x0+tei)·ξ

)
t

= v

(
lim
t→0

ξic(x0, ξ) + ∂xic(x0, ξ) +O(t)

)
<∞ ,

(2.63)

it follows that any first partial derivatives exists. Because ξic(x0, ξ) and ∂xic(x0, ξ)
are also Schwartz functions it now follows, by induction, that Tcu is a smooth
function in the classical sense. �
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Using the density of the Schwartz functions in the tempered distributions, Theo-
rem 1.1, we are also able to extend pseudodifferential operators. The extensions
agree on all tempered distributions.

In the next section we will delve deeper into Schwartz kernels, and use it to prove
that pseudodifferential operators are bounded linear operators on Lp(Rn).

2.2 Schwartz kernels and Lp boundedness

Theorem 2.3 (Pseudodifferential operators are bounded linear operators). Let
a ∈ S0 be a symbol, then Ta : S(Rn) → S(Rn) extends to a bounded linear operator
Ta : L

p → Lp for all p ∈ (1,∞).

The extension of the pseudodifferential operator to a bounded linear operator
on Lp of course coincides with the definition of a pseudodifferential operator on
tempered distributions. We first need some preparations for the proof.

Theorem 2.4. Let a(x, ξ) ∈ S0 be a symbol of order 0. Set

K(x, z) = (2π)−n/2
∫
Rn

eiz·ξa(x, ξ) dξ (2.64)

in a distributional sense. Then

(a) For each fixed x ∈ Rn, z 7→ K(x, z) is a function defined on Rn \ {0},

(b) For each sufficiently large integer N , there is a positive constant CN such that
|K(x, z)| ≤ CN |z|−N , whenever z 6= 0,

(c) For each fixed x ∈ Rn, and each fixed ϕ ∈ S(Rn) which vanishes on a neigh-
bourhood around x, it holds that

(Taϕ)(x) =

∫
Rn

K(x, x− z)ϕ(z) dz . (2.65)

Proof. Calculate for any multi-index α

(iz)αK(x, z) = (2π)−n/2
∫
Rn

eiz·ξ∂αξ a(x, ξ) dξ , (2.66)

such that for N = |α| sufficiently large we have that

|z|N |K(x, z)| ≤ (2π)−n/2
∫
Rn

|∂αξ a(x, ξ)| dξ

≤ (2π)−n/2
∫
Rn

|(1 + |ξ|)−N | dξ
(2.67)

exists classically on Rn \ {0}. This proves parts (a) and (b).
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To prove part (c), define for each x the tempered distribution ux by the prescription

ux(ϕ) =

∫
Rn

a(x, ξ)ϕ(ξ) dξ ϕ ∈ S(Rn) . (2.68)

Then for ϕ ∈ S(Rn) such that ϕ vanishes on a neighbourhood around x, it follows
that

(Taϕ)(x) = (2π)−n/2ux
(
eix·ξϕ̂(ξ)

)
= (2π)−n/2ux ((ϕ(z + x))∧)

= (2π)−n/2ûx (ϕ(z + x))

(2.69)

by part (d) of Proposition 1.18 and the definition of the Fourier transform of a
tempered distribution. Now by part (a) of this theorem, it follows that

(Taϕ)(x) =

∫
Rn

K(x,−z)ϕ(z + x) dz

=

∫
Rn

K(x, x− z)ϕ(z) dz

(2.70)

for all ϕ vanishing in a neighbourhood around the origin. �

The following theorem will show that pseudodifferential operators always have
Schwartz kernels. The proof is omitted, but can be found in [FJ98].

Theorem 2.5 (Existence of the Schwartz kernel). Let X ⊆ Rn and Y ⊆ Rm be
open sets. A linear map µ : C∞

0 (Y ) → D′(X) is sequentially continuous if and
only if it is generated by a Schwartz kernel k ∈ D′(X × Y ),

〈µψ, φ〉 = 〈k, φ⊗ ψ〉 φ ∈ C∞
0 (X), ψ ∈ C∞

0 (Y ) . (2.71)

Moreover, k is uniquely determined by µ.

The consequence is the following.

Corollary 2.14. Since the map Ta : C∞
0 (Rn) → S ′(Rn) : f 7→ Taf is sequentially

continuous, it follows that Ta is generated by a Schwartz kernel K(x, y) which lies
in D′(Rn × Rn).

In other words any pseudodifferential operator Ta can be written as the integral
operator

(Taϕ)(x) =

∫
Rn

K(x, x− z)ϕ(z) dz (2.72)

with y 7→ K(x, y) a function on Rn \ {0}.

The Schwartz kernel allows us to represent a pseudodifferential operator as an
integral operator. Using this integral operator we are able to give the singular
support from Definition 1.20 of Taf given the singular support of f .
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Lemma 2.15. For any pseudodifferential operator Ta the singular support of Tau
is contained in the singular support of u.

Proof. Let x0 /∈ sing suppu, and let ϕ ∈ C∞
0 (Rn) such that ϕu ∈ C∞

0 (Rn), and
ϕ(x0) = 1. Now choose ψ ∈ C∞

0 (Rn) a compactly supported smooth function
0 ≤ ψ ≤ 1 such that ψ ≡ 1 on suppϕ and ψu ∈ C∞(Rn). Then, since we can
write the pseudodifferential operator applied to u at x0 as an integral operator, it
follows that

(ϕTau)(x0) =

∫
Rn

ϕ(x0)K(x0, x0 − z)u(z) dz

=

∫
Rn

ϕ(x0)ψ(z)K(x0, x0 − z)u(z) dz

+

∫
Rn

ϕ(x0)(1− ψ(z))K(x0, x0 − z)u(z) dz ,

= (ϕTa(ψu))(x0) +

∫
Rn

ϕ(x0)(1− ψ(z))K(x0, x0 − z)u(z) dz

(2.73)

is smooth, since the first term is a pseudodifferential operator applied to a Schwartz
function, and since the integrand in the second term is zero on a neighbourhood
around the diagonal. Hence, x0 /∈ sing suppTau, and therefore sing suppTau ⊆
sing suppu. �

In general, we are able to see the Schwartz kernel of a pseudodifferential operator
as the inverse Fourier transform of the symbol a(x, ξ)

K(x, z) = (2π)−n/2
∫
Rn

eiz·ξa(x, ξ) dξ . (2.74)

Hence, using Section 1.4 we immediately find the following proposition.

Proposition 2.16. Suppose that a(x, ξ) is a homogeneous symbol of order k,
then

Dz(t)K(x, z) := K(x, tz) = t−n−kK(x, z) . (2.75)

In Chapter 3 we will compute the Schwartz kernels of the parametrix of the
Laplace-Beltrami operator. We will create the parametrix in a way such that
the symbols in the asymptotic expansion of this parametrix are homogeneous. In
the next section we define this parametrix. But now we move back to the proof
of Theorem 2.3.

Proof of Theorem 2.3. It is sufficient to show that for any a ∈ S0, the pseudo-
differential operator Ta : S(Rn) → S(Rn) is a bounded linear operator on S(Rn)
in the Lp-norm, because by the density of S(Rn) in Lp(Rn), the pseudodifferential
operator will extend to a bounded linear operator on Lp. We give the proof for
p = 2, but with some slight modifications the proof also holds for any p ∈ (1,∞).
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Now for the boundedness proof, let Zn be the set of all n-tuples, with integer
coefficients. Let m ∈ Zn be vector, and let Qm be a (hyper)-cube with centre m
and edges of length one, parallel to the coordinate axes. Let η(x) ∈ C∞

0 (Rn) be a
compactly supported smooth function, such that η(x) = 1 for each x ∈ Q0. Define
am(x, ξ) by

am(x, ξ) = η(x−m)a(x, ξ) , (2.76)

then since am(x, ξ) has compact support in x it follows that

(Tamϕ)(x) = (2π)−n/2
∫
Rn

eix·ξam(x, ξ)ϕ̂(ξ) dξ

= (2π)−n
∫
Rn

eix·ξ
(∫

Rn

eix·λâm(λ, ξ) dλ

)
ϕ̂(ξ) dξ

= (2π)−n
∫
Rn

eix·λ
(∫

Rn

eix·ξâm(λ, ξ)ϕ̂(ξ) dξ

)
dλ

(2.77)

with âm(λ, ξ) = (2π)−n/2
∫
Rn e

−iλ·xam(x, ξ) dx, by the Fourier inversion formula.
Set Tλ : S(Rn) → S(Rn) to be the operator defined by

(Tλϕ)(x) = (2π)−n/2
∫
Rn

eix·ξâm(λ, ξ)ϕ̂(ξ) dξ . (2.78)

We will show later that for any integer N there is a positive constant CN such
that |âm(λ, ξ)| ≤ CN(1 + |λ|)−N . Assuming this, it holds that

‖Tλϕ‖2 = ‖âm(λ, ·)ϕ̂‖2 ≤ (1 + |λ|)−N‖ϕ̂‖2 = (1 + |λ|)−N‖ϕ‖2 , (2.79)

by the Plancherel-Parseval identity, Proposition 1.18 part (i). Using this and by
Minkowski’s integral inequality

‖Tamϕ‖2 = (2π)−n/2
{∫

Rn

∣∣∣ ∫
Rn

eix·λ(Tλϕ)(x) dλ
∣∣∣2 dx}1/2

≤ (2π)−n/2
{∫

Rn

∫
Rn

∣∣∣(Tλϕ)(x)∣∣∣2 dx}1/2

dλ

= (2π)−n/2
∫
Rn

‖Tλϕ‖2 dλ

≤ CN(2π)
−n/2‖ϕ‖2

∫
Rn

(1 + |λ|)−N dλ ≤ DN‖ϕ‖2 ,

(2.80)

for sufficiently large N . Furthermore, it follows obviously that∫
Qm

|(Taϕ)(x)|2 dx ≤
∫
Rn

|(Tamϕ)(x)|2 dx ≤ D2
N‖ϕ‖22 . (2.81)

We want to give a bound on the sum over all m ∈ Zn of the integral above. Let
Q∗∗
m be the cube with centre m and edges of length 2 parallel to the coordinate

axes, and let Q∗
m be a cube with centre m and edges parallel to the coordinate
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axes such that Qm ⊆ Q∗
m ⊆ Q∗∗

m , and such that there is a positive δ such that
|x− z| ≥ δ for all x ∈ Qm and all z ∈ Rn \Q∗

m.

Take a compactly supported smooth function 0 ≤ ψ ≤ 1 with suppψ ⊆ Q∗∗
m and

ψ(x) = 1 on a neighbourhood of Q∗
m. Write ϕ = ϕ1 + ϕ2 with ϕ1 = ψϕ and

ϕ2 = (1− ψ)ϕ. Then clearly Taϕ = Taϕ1 + Taϕ2. Write

Im =

∫
Qm

|(Taϕ)(x)|2 dx (2.82)

and
Jm =

∫
Qm

|(Taϕ2)(x)|2 dx (2.83)

Then by the previous calculations, and by the convexity of f(x) = |x|p it follows
that

Im =

∫
Qm

|(Taϕ1)(x) + (Taϕ2)(x)|2 dx

≤ 2

∫
Qm

|Taϕ1|2 + 2Jm

≤ 2D2
N‖ϕ1‖22 + 2Jm .

(2.84)

We will now use Theorem 2.4 to give a bound on Jm. In particular for x ∈ Qm

there is a constant C2N such that

|(Taϕ2)(x)| = (2π)−n/2
∣∣∣ ∫

Rn

K(x, x− z)ϕ2(z) dz
∣∣∣

= (2π)−n/2
∣∣∣ ∫

Rn\Q∗
m

K(x, x− z)ϕ2(z) dz
∣∣∣

≤ C2N

∫
Rn\Q∗

m

|x− z|−2N |ϕ2(z)| dz .

(2.85)

Now let λ ≥
√
n+ 1. Then there exists a constant Cλ,N such that

|x− z|−2N

(λ+ |x− z|)−2N
=

(λ+ |x− z|)2N

|x− z|2N
≤ Cλ,N (2.86)

for all x ∈ Qm and all z ∈ Rn \Q∗
m. Thus,

|(Taϕ2)(x)| ≤ C2NCλ,N

∫
Rn\Q∗

m

(λ+ |x− z|)−2N |ϕ2(z)| dz (2.87)

for x ∈ Qm. Note that we can give a bound on λ+ |x− z| by

λ+ |x− z| = λ+ |x−m+m− z| ≥ λ− |x−m|+ |z −m|

≥
(
λ−

√
n

2

)
+ |m− z| ≥ µ+ |m− z|

(2.88)
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where µ =
√
n/2 + 1. We can now give an estimate on Jm: by Minkowski’s

inequality and by Hölder’s inequality

J1/2
m =

(∫
Qm

|(Taϕ)(x)|2 dx
)1/2

≤ C2NCλ,N


∫
Qm

∣∣∣∣∣
∫
Rn\Q∗

m

(µ+ |x− z|)−N |ϕ2(z)|
(µ+ |m− z|)N

dz

∣∣∣∣∣
2

dx


1/2

≤ C2NCλ,N

∫
Rn\Q∗

m

{∫
Qm

(µ+ |x− z|)−2N |ϕ2(z)|2

(µ+ |m− z|)2N
dx

}1/2

dz

= C2NCλ,N

∫
Rn\Q∗

m

|ϕ2(z)|
(µ+ |m− z|)N/2

1

(µ+ |m− z|)N/2{∫
Qm

(µ+ |x− z|)−2N dx

}1/2

dz

≤ C2NCλ,N

{∫
Rn\Q∗

m

|ϕ2(z)|2

(µ+ |m− z|)N
dz

}1/2

{∫
Rn\Q∗

m

1

(µ+ |m− z|)N
dz

}1/2{∫
Qm

(µ+ |x− z|)−2N dx

}1/2

.

(2.89)

Hence, we can find a different constant Cλ,N such that

Jm ≤ Cλ,N

∫
Rn\Q∗

m

|ϕ2(z)|2

(µ+ |m− z|)N
dz . (2.90)

Summing over all lattice points m we find that

Cλ,N
∑
m∈Zn

∫
Rn\Q∗

m

|ϕ2(z)|2

(µ+ |m− z|)N
dz

≤ Cλ,N
∑
m∈Zn

∫
Rn\Qm

|ϕ2(z)|2

(µ+ |m− z|)N
dz

= Cλ,N
∑
m∈Zn

∑
l 6=m

∫
Ql

|ϕ2(z)|2

(µ+ |m− z|)N
dz .

(2.91)

Now for all m, l ∈ Zn it holds that

µ+ |m− z| = µ+ |m− l + l − z| ≥ µ+ |m− l| − |l − z|
≥ µ+ |m− l| ≥ 1 + |m− l| .

(2.92)
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Hence, by the positivity of the summands∑
m∈Zn

∑
l 6=m

∫
Ql

|ϕ2(z)|2

(µ+ |m− z|)N
dz

≤
∑
m∈Zn

∑
l 6=m

1

(1 + |m− l|)N

∫
Ql

|ϕ2(z)|2 dz

≤
∑
m∈Zn

∑
l∈Zn

1

(1 + |m− l|)N

∫
Ql

|ϕ2(z)|2 dz

=
∑
l∈Zn

∫
Ql

|ϕ2(z)|2 dz
∑
m∈Zn

1

(1 + |m− l|)N

=
∑
l∈Zn

∫
Ql

|ϕ2(z)|2 dz
∑
m′∈Zn

1

(1 + |m′|)N

=
∑
m′∈Zn

1

(1 + |m′|)N

∫
Rn

|ϕ2(z)|2 dz .

(2.93)

Hence, we can conclude that

‖(Taϕ)‖22 =
∫
Rn

|(Taϕ)(x)|2 dx ≤
∑
m∈Zn

Im

≤ 2D2
N

∑
m∈Zn

∫
Q∗∗

m

|ϕ(x)|2 dx+ 2Cλ,N
∑
m∈Zn

∫
Rn\Q∗

m

|ϕ2(z)|2

(µ+ |m− z|)N
dz

≤ D

∫
Rn

|ϕ(x)|2 dx+ 2Cλ,N
∑
m∈Zn

∫
Rn\Q∗

m

|ϕ2(z)|2

(µ+ |m− z|)N
dz

≤

{
D + 2Cλ,N

∑
m′∈Zn

1

(1 + |m′|)N

}∫
Rn

|ϕ(x)|2 dx = C‖ϕ‖22 ,

(2.94)

which means that Ta is a bounded linear operator, if we can establish the bound
|â(λ, ξ)| ≤ CN(1 + |λ|)−N . �

The following lemma finishes the proof for Theorem 2.3.

Lemma 2.17. For any integer N , and any multi-index α it holds that

|Dα
ξ âm(λ, ξ)| ≤ CN(1 + |λ|)−N(1 + |ξ|)−|α| . (2.95)

Proof. By Leibniz formula and integration by parts

(−iλ)β(Dα
ξ âm(λ, ξ))

= (−1)|β|(2π)−n/2
∫
Rn

e−ix·λ∂βx
(
η(x−m)Dα

ξ a(x, ξ)
)
dx

= (−1)|β|(2π)−n/2∑
β′≤β

(
β

β′

)∫
Rn

e−ix·λ∂β
′

x (η)(x−m)
(
∂β−β

′

x Dα
ξ a(x, ξ)

)
dx .

(2.96)
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Hence, because a is a symbol of order 0 it follows that

|(−iλ)βDα
ξ âm(λ, ξ)| ≤ Cα,β(1 + |ξ|)−|α| , (2.97)

from which the statement of the lemma follows. �

The proof of Theorem 2.3 holds for general p ∈ (1,∞) after establishing the fact
that Tλ is a bounded linear operator, but requires Hörmander’s inequality, see
Theorem 2.5 in [Hör60].

2.3 Elliptic pseudodifferential operators and the
parametrix

In this section we look at elliptic pseudodifferential operators. For this class of
pseudodifferential operators, we will show that there exists an approximate inverse.
This approximate inverse will show that solutions to elliptic pseudodifferential
equations Tau = f are smooth if f is smooth.

Definition 2.18 (Elliptic pseudodifferential operator). A symbol a(x, ξ) ∈ Sk of
order k is called elliptic if there are positive constants C,R, which are independent
of x, such that

|a(x, ξ)| ≥ C(1 + |ξ|)k for ξ ≥ R. (2.98)
A pseudodifferential operator is called elliptic if its symbol is elliptic.

The following lemma shows that only the principal symbol needs to be elliptic for
the whole symbol to be elliptic.

Lemma 2.19. If b(x, ξ) ∈ Sk has an asymptotic expansion b ∼
∑∞

l=0 bl, then b is
elliptic if and only if the principal symbol b0 is elliptic.

Proof. Since b0 is elliptic, there are constants C0, R0 > 0, such that we have
|b0(x, ξ)| > C0(1 + |ξ|)k for |ξ| > R0. Hence, because b is a pseudodifferential
operator, for |ξ| > R0 we have

|b(x, ξ)| =

∣∣∣∣∣
∞∑
l=0

bl(x, ξ)

∣∣∣∣∣ =
∣∣∣∣∣b0(x, ξ) +

∞∑
l=1

bl(x, ξ)

∣∣∣∣∣
≥ |b0(x, ξ)| −

∣∣∣∣∣
∞∑
l=1

bl(x, ξ)

∣∣∣∣∣
≥ C0(1 + |ξ|)k − C ′

0(1 + |ξ|)k1

= (1 + |ξ|)k(C0 − C ′
0(1 + |ξ|)k1−k) .

(2.99)

Because k1 − k < 0, there is a positive constant R1, such that

C0 − C ′
0(1 + |ξ|)k1−k ≥ C0

2
for |ξ| > R1. (2.100)
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Now set R = max{R0, R1}. For |ξ| > R it follows that

|b(x, ξ)| ≥ C(1 + |ξ|)k (2.101)

and hence b(x, ξ) is elliptic.

Now assume that b(x, ξ) is elliptic, then there are constants C0, R0 such that for
|ξ| > R0

C0(1 + |ξ|)k ≤ |b(x, ξ)| =

∣∣∣∣∣
∞∑
l=0

bl(x, ξ)

∣∣∣∣∣ ≤ |b0(x, ξ)|+

∣∣∣∣∣
∞∑
l=1

bl(x, ξ)

∣∣∣∣∣
≤ |b0(x, ξ)|+ C ′(1 + |ξ|)k1 .

(2.102)

Now there is some R1 such that for |ξ| > R1 it holds that C ′(1 + |ξ|)k1 can be
bounded by 1

2
C0(1 + |ξ|)k. Now for R = max{R0, R1} > 0, C = 1

2
C0 > 0 and all

|ξ| > R it holds that |b0(x, ξ)| ≥ C(1+ |ξ|)k. Thus, the principal symbol is elliptic,
and the lemma is proved. �

The motivation for the following theorem arises from the elliptic pseudodifferential
equation

Tau = f , (2.103)

with a an elliptic symbol of order k and f ∈ L2 a function. We want to find the
function u such that Tau = f . The following theorem will show that there is a u
such that

Tau− f ∈ C∞(Rn) . (2.104)

In a more general sense we want to invert the operator Ta by some operator Tb.
We call the symbol b attached to this operator the parametrix of a.

Theorem 2.6. If a is an elliptic symbol of order k and Ta is the corresponding
pseudodifferential operator, then there is an elliptic symbol b of order −k with an
asymptotic expansion given by

b ∼
∞∑
l=0

b−k−l (2.105)

where b−k−l is a symbol of order −k − l, such that there are smoothing operators
K1 and K2 such that

Ta ◦ Tb = I +K1 , and
Tb ◦ Ta = I +K2 .

(2.106)

Proof. Giving an asymptotic expansion of b is sufficient, since Proposition 2.8
shows the existence of a symbol, given elements of an asymptotic expansion, and
Proposition 2.5 shows that if b′ is a different elliptic pseudodifferential operator
with an identical asymptotic expansion, then Tb−b′ is infinitely smoothing and may
be absorbed in the operators K1 and K2.
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The product of the symbols b and a is given by Equation (2.21):

(b]a)(x, ξ) ∼
∑
α

∞∑
j=0

(−i)|α|

α!
(∂αxa(x, ξ))(∂

α
ξ b−k−j(x, ξ)) . (2.107)

Observe that the finite sums∑
|α|<N

N−1∑
j=0

(−i)|α|

α!
(∂αxa(x, ξ))(∂

α
ξ b−k−j(x, ξ))

= a(x, ξ)b−k(x, ξ) +
N−1∑
j=1

∑
|α|<N

(−i)|α|

α!
(∂αxa(x, ξ))(∂

α
ξ b−k−j(x, ξ))

(2.108)

are equal to
a(x, ξ)b−k(x, ξ)+

N−1∑
l=1

a(x, ξ)b−k−l + ∑
|α|+j=l
0≤j<l

(−i)|α|

α!
(∂αxa(x, ξ))(∂

α
ξ b−k−j(x, ξ))


+

∑
|α|+j≥N
|α|<N
j<N

(−i)|α|

α!
(∂αxa(x, ξ))(∂

α
ξ b−k−j(x, ξ))

(2.109)

with ∑
|α|+j≥N
|α|<N
j<N

(−i)|α|

α!
(∂αxa(x, ξ))(∂

α
ξ b−k−j(x, ξ)) ∈ S−N . (2.110)

Then set b−k to be the symbol of order −k given by

b−k(x, ξ) =
1− φ(ξ)

a(x, ξ)
=

ψ(ξ)

a(x, ξ)
(2.111)

where 0 ≤ φ(ξ) ≤ 1 ∈ C∞
0 (Rn) is a compactly supported smooth function such

that

φ(ξ) =

{
1 |ξ| < R

0 |ξ| ≥ 2R.
(2.112)

Then b−k is a symbol of order −k. Indeed, since a(x, ξ) is elliptic, for β a multi-
index

|Dβ
ξ b−k(x, ξ)| =


|Dβ

ξ
1

a(x,ξ)
| |ξ| ≥ 2R

|Dβ
ξ
ψ(ξ)
a(x,ξ)

| R < |ξ| ≤ 2R

0 |ξ| < R

≤


1
C
(1 + |ξ|)−k−|β| |ξ| ≥ 2R∣∣∣ 1C ∑γ≤β

(
β
γ

)
Dβ−γ
ξ ψ(ξ)(1 + |ξ|)−k−|γ|

∣∣∣ R < |ξ| ≤ 2R

0 |ξ| < R .

(2.113)
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Because the set |ξ| ≤ 2R is compact, it is possible to find a constant C ′ such that∣∣∣∣∣ 1C∑
γ≤β

(
β

γ

)
Dβ−γ
ξ ψ(ξ)(1 + |ξ|)−k−|γ|

∣∣∣∣∣ ≤ C ′(1 + |ξ|)−k−|β| (2.114)

for all |ξ| ≤ 2R. Then for D = max{1/C,C ′} it follows that

|Dβ
ξ b−k(x, ξ)| ≤ D(1 + |ξ|)−k−|β| . (2.115)

Now inductively set b−k−l to be the symbol of order −k − l given by

b−k−l(x, ξ) = −

 ∑
|α|+j=l
0≤j<l

(−i)|α|

α!
(∂αxa(x, ξ))(∂

α
ξ b−k−j(x, ξ))

 b−k . (2.116)

Then b−k−l is indeed a symbol, since it is the derivative, sum and product of
symbols, each of which (inductively) satisfy the symbol properties from Definition
2.1. Then by Equations (2.107) and (2.116)

(b−k]a)(x, ξ) = 1− φ(ξ) ∈ S0 (2.117)

and
N−1∑
j=0

(b−k−j]a) (x, ξ)− 1

=
∑

|α|+j≥N
j<N

(−i)|α|

α!
(∂αxa(x, ξ))(∂

α
ξ b−k−j(x, ξ)) ∈ S−N ,

(2.118)

hence

(b]a)(x, ξ) =

(
∞∑
l=0

b−k−l]a

)
= 1 +R(x, ξ) with R(x, ξ) ∈ S−∞ , (2.119)

such that Tb ◦ Ta = Tb]a = I +K2, where K2 is infinitely smoothing.

It is still required to show that b is elliptic. By Lemma 2.19 it is sufficient to show
that b−k is elliptic. This is indeed the case, since for |ξ| ≥ 2R

|b−k(x, ξ)| =
∣∣∣∣ 1

a(x, ξ)

∣∣∣∣ ≥ 1

C0,0

(1 + |ξ|)−k (2.120)

because a(x, ξ) is a symbol. �

The construction in the proof creates a parametrix b(x, ξ) in which each of the
symbols b−k−l in the asymptotic expansion is not homogeneous, if a(x, ξ) is not
homogeneous. The next proposition aims to solve this.
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Proposition 2.20. Suppose that a(x, ξ) = ak(x, ξ)+ak−1(x, ξ) is an elliptic sym-
bol of order k, and both ak(x, ξ) and ak−1(x, ξ) are homogeneous of degrees k and
k−1 respectively, then there is a parametrix c ∼

∑∞
l=0 c−k−l, such that each b′−k−l

is homogeneous of degree −k − l.

Proof. Start by creating the parametrix b−k−l of the principal symbol ak. Since ak
is homogeneous of degree k, each of the symbols b−k−l are homogeneous of degree
−k − l. Now define the symbols

c−k−l = b−k−l + b′−k−l (2.121)

where b′−k−l is defined by

b′−k−l =−
l−1∑
m=0

((ak−1]b−k−m)−l + (ak]b
′
−k−m)−l)b−k

−
l−2∑
m=0

(ak−1]b
′
−k−m)−lb−k .

(2.122)

Then c−k−l is by construction homogeneous of degree −k− l, and is a parametrix
of a(x, ξ) = ak(x, ξ) + ak−1(x, ξ) also by construction. �

We will use this construction in Chapter 3 to compute the leading order terms
(l = 0, l = 1, l = 2) of the parametrix of the Laplace-Beltrami operator.

2.4 Sobolev spaces and Elliptic regularity

In this section, we give a more general definition of the Sobolev spaces. We show
that pseudodifferential operators are bounded linear operators between Sobolev
spaces. This gives an immediate application of pseudodifferential operators.

Definition 2.21 (Sobolev spaces). For s a real number, define the Sobolev space
Hs(Rn) of order s as the space of tempered distributions f such that

(1 + |ξ|2)s/2f̂(ξ) ∈ L2(Rn) . (2.123)

Equivalently Hs is the norm completion of the space of Schwartz functions S(Rn)
with respect to the norm

‖f‖s =
(∫

Rn

(1 + |ξ|2)s|f̂(ξ)|2 dξ
)1/2

. (2.124)

Furthermore, there is an inner product (·, ·) on Hs such that the norm induced
from the inner product coincides with the norm given in Equation (2.124).

Notice the following things about Sobolev spaces.
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Remark 2.22. The function (1 + |ξ|2)s/2 is a symbol of order s. Set J−s as the
pseudodifferential operator belonging to this symbol. Then Hs is the set of tem-
pered distributions f such that J−sf ∈ L2.

Remark 2.23. The space H0 is L2.

Remark 2.24. If s is an integer k, then the Sobolev space Hs(Rn) is identical to
the classical Sobolev space of equivalence classes of k times differentiable functions
in L2 with the norm given by

‖f‖Hk =
∑
|α|≤k

‖Dαf‖2 . (2.125)

Using Theorem 2.3 we can give the following proposition.

Proposition 2.25. Let a ∈ Sk a symbol, then Ta : S(Rn) → S(Rn) extends to a
bounded linear operator Ta : Hs → Hs−k.

Proof. First notice that Js−kTaJs ∈ S0, and hence by Theorem 2.3, it follows that
Js−kTaJs : S(Rn) → S(Rn) extends to a bounded linear operator L2 → L2.

Then by definition of the Sobolev spaces it follows that Ta : S(Rn) → S(Rn)
extends to a bounded linear operator Ta : Hs → Hs−k. �

Using the previous sections we can give a formulation of the elliptic regularity.

Theorem 2.7 (Elliptic regularity). Suppose that a(x, ξ) ∈ Sk is an elliptic symbol.
Then for every f ∈ Hs there is an element u ∈ Hs+k such that

Tau− f ∈ C∞(Rn) . (2.126)

Furthermore, the singular supports of u and f are equal.

Proof. Using the parametrix b(x, ξ) ∈ S−k of a(x, ξ) ∈ Sk we are able to find an
element u = Tbf ∈ Hs+k such that

Tau− f = (Ta ◦ Tb)f − f = K1f (2.127)

is smooth by Theorem 2.6.

To show that the singular supports are equal, we use Lemma 2.15. Indeed, we
have the inclusions

sing supp f = sing suppTau ⊆ sing suppu (2.128)

and
sing suppu = sing suppTbf ⊆ sing supp f , (2.129)

which proves the theorem. �
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3 Inverting the Laplace-Beltrami
Operator

In this chapter we will look at pseudodifferential operators on Riemannian mani-
folds. In particular, we look at the extension of the Laplacian on Euclidean space
to a pseudodifferential operator called the Laplace-Beltrami operator on a Rie-
mannian manifold. We show that the Laplace-Beltrami operator is elliptic, and
calculate its parametrix. Next we introduce normal local coordinates on a Rieman-
nian manifold, and give some properties, which we use to reduce the parametrix
of the Laplace-Beltrami operator.

3.1 The Laplace-Beltrami operator

On a Riemannian smooth manifold (M, g), there is a pseudodifferential operator,
the Laplace-Beltrami operator.

Definition 3.1 (Laplace-Beltrami operator). Let (M, g) be a Riemannian man-
ifold, i.e. a smooth manifold M with a positive definite symmetric bilinear form
gx : TxM × TxM → R, depending smoothly on x. Let (Uα, ϕα) be a maximal
atlas. In local coordinates the Laplace-Beltrami operator is defined as

∆g(x) =
n∑
i=1

n∑
j=1

1√
|g(x)|

∂xi

(√
|g(x)|gij(x)∂xj

)
, (3.1)

where gij denotes the inverse matrix of the local Riemannian metric form gij, and
|g(x)| = | det gij(x)|. For convenience the dependence on x of the metric form gij
will be omitted, whenever it is clear.

In this thesis we will assume that M = Rn and furthermore we will assume that
there is some constant D, such that gij(x) = δij whenever |x| > D.

Proposition 3.2 (Symbol of the Laplace-Beltrami operator). The symbol of the
Laplace-Beltrami operator is given by

σ(∆g)(x, ξ) = −i
n∑
i=1

n∑
j=1

(
∂xi |g|
2|g|

gij + ∂xig
ij − igijξi

)
ξj , (3.2)
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equivalently

σ(∆g)(x, ξ) = −i
(

1

2|g|
〈
∇|g|, gijξ

〉
+
〈
∇ · gij, ξ

〉
− i
〈
ξ, gijξ

〉)
, (3.3)

where ∇|g| denotes the gradient of |g| and ∇· gij denotes the row-wise divergence
of gij.

Proof. From Equation (3.1) it follows by Leibniz rule for differentiation that

∆g(x) =
n∑
i=1

n∑
j=1

1√
|g(x)|

∂xi

(√
|g(x)|gij(x)∂xj

)
=

n∑
i=1

n∑
j=1

1√
|g(x)|

(
∂xi

(√
|g|
)
gij

+
√

|g|∂xigij +
√
|g|gij∂xi

)
∂xj

=
n∑
i=1

n∑
j=1

(
∂xi |g|
2|g|

gij + ∂xig
ij + gij∂xi

)
∂xj .

(3.4)

Replacing the derivatives ∂xi and ∂xj by their symbols −iξi and −iξj, respectively,
Equation (3.2) follows. �

Proposition 3.3. The Laplace-Beltrami operator is a pseudodifferential operator
of order 2. Furthermore, it is elliptic.

Proof. We have to show that there exists constants Cα,β, C ′, R such that

(a) For all x, ξ ∈ Rn and all multi-indices α, β it holds that

|Dα
xD

β
ξ σ(∆g)(x, ξ)| ≤ Cα,β(1 + |ξ|)2−|β| , (3.5)

where the constant Cα,β depends only on the multi-indices α, β.

(b) For all x ∈ Rn, all |ξ| ≥ R

|σ(∆g)(x, ξ)| ≥ C ′(1 + |ξ|)2 . (3.6)

For part (a), notice that since gij(x) = δij, whenever |x| > D, we have that

|Dα
xD

β
ξ σ(∆g)(x, ξ)|

≤

∣∣∣∣∣Dα
x

(
∂xi |g|
2|g|

gij + ∂xig
ij

)
Dβ
ξ ξj

∣∣∣∣∣+ |Dα
xg

ijDβ
ξ (ξiξj)|

≤ Cα,β(1 + |ξ|)2−|β| ,

(3.7)
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because derivatives in x outside the compact set {|x| ≤ D} are 0, and since inside
the compact set there is a maximum attained.

For part (b), notice that by Equation (3.3) automatically

|σ(∆g)(x, ξ)| =
∣∣∣∣i 1

2|g|
〈
∇|g|, gijξ

〉
+ i
〈
∇ · gij, ξ

〉
+
〈
ξ, gijξ

〉∣∣∣∣
≥ |
〈
ξ, gijξ

〉
| > C̃(x)|ξ|2 C̃(x) > 0 ,

(3.8)

since gij defines for each x ∈ Rn an equivalent norm. Set Ĉ = infx∈Rn C̃(x) > 0,
and set R > 0, such that |σ(∆g)(x, ξ)| ≥ Ĉ|ξ|2 > 2 for |ξ| ≥ R. Then there is
indeed a constant C ′ > 0, such that for all |ξ| > R it follows that for every x ∈ Rn

|σ(∆g)(x, ξ)| ≥ C ′(1 + |ξ|)2 . (3.9)

Thus, σ(∆g) is an elliptic symbol. Of course by Lemma 2.19 it would have been
sufficient to check if the principal symbol was elliptic. �

3.2 Parametrix of the Laplace-Beltrami operator

In this section we give a method for computing the parametrix of the Laplace-
Beltrami operator, such that each term of the parametrix is homogeneous in the
frequency variable.

Theorem 3.1. It is possible to write the symbols in the asymptotic expansion of
the parametrix of the Laplace-Beltrami operator ∆g from Definition 3.1 in terms
of homogeneous symbols.

Proof. Using Proposition 2.20 we will construct the parametrix in terms of homo-
geneous symbols. The principal symbol of ∆g is σ2 = −〈ξ, gijξ〉. Furthermore,
define σ1 to be the difference σ(∆g)− σ2.

The symbols of the parametrix of the principal symbol σ2 = −〈ξ, gijξ〉 of σ(∆g)
can be found using Equation (2.116), and has terms

τ−2 =
1− φ(ξ)

−〈ξ, gijξ〉

τ−3 = −i
n∑

k1=1

〈
ξ, ∂xk1g

ijξ
〉(〈ξ, gijξ〉 ∂ξk1ψ(ξ)− 2ψ(ξ) 〈ek1 , gijξ〉

〈ξ, gijξ〉2

)
τ−2 .

(3.10)

However, if one only looks at |ξ| > R

τ−2 =
1

−〈ξ, gijξ〉

τ−3 = −i
n∑

k1=1

〈
ξ, ∂xk1g

ijξ
〉(2 〈ek1 , gijξ〉

〈ξ, gijξ〉3

)
.

(3.11)
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Now we give a correction term to τ−3 such that

τ−3 · σ2 = −τ−2 · σ1 (3.12)

with the correction term to τ−3 given by

− i

〈ξ, gijξ〉2

(
1

2|g|
〈
∇|g|, gijξ

〉
+
〈
∇ · gij, ξ

〉)
. (3.13)

For the next term, τ−4, we find that

τ−4 =

[
n∑

k2=1

n∑
k3=k2+1

−
〈
ξ, ∂xk2∂xk3g

ijξ
〉

(
(2 〈ek2 , gijek3〉)

〈ξ, gijξ〉3
− 8 〈ek3 , gijξ〉 〈ξ, gijξ〉 (〈ek2 , gijξ〉)

〈ξ, gijξ〉5

)
+

n∑
k2=1

−1

2

〈
ξ, ∂xk2∂xk2g

ijξ
〉

(
(2 〈ek2 , gijek2〉)

〈ξ, gijξ〉3
− 8 〈ek2 , gijξ〉 〈ξ, gijξ〉 (〈ek2 , gijξ〉)

〈ξ, gijξ〉5

)
−

n∑
k4=1

〈
ξ, ∂xk4g

ijξ
〉{ n∑

k1=1

4
〈
ek4 , ∂xk1g

ijξ
〉 〈ek1 , gijξ〉

〈ξ, gijξ〉4
+

〈
ξ, ∂xk1g

ijξ
〉(2 〈ek1 , gijek4〉

〈ξ, gijξ〉4
− 12

〈ek1 , gijξ〉 〈ek4 , gijξ〉
〈ξ, gijξ〉5

)
+

1

〈ξ, gijξ〉3

(
1

2|g|
〈
∇|g|, gijek4

〉
+
〈
∇ · gij, ek4

〉
−4 〈ek4 , gijξ〉

〈ξ, gijξ〉

(
1

2|g|
〈
∇|g|, gijξ

〉
+
〈
∇ · gij, ξ

〉))}]
,

(3.14)

for |ξ| > R. Next we correct for the terms of order −2 in the composition calculus
of τ−2 and τ−3 with σ1 by adding

1

〈ξ, gijξ〉
(σ1 · τ−3 − i∇xσ1 · ∇ξτ−2) . (3.15)

Inductively one is able to construct the parametrix of σ(∆g) where each symbol
τ−2−k is homogeneous of degree −2− k. �

3.3 Normal coordinates on a Riemannian
manifold

In this section we define normal local coordinates on Riemannian manifolds. We
will see that locally the metric tensor gij(x) = δij +O(|x|2). These results we will
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use in the next section to reduce the terms in the parametrix. As a result we will
see that τ−3(0, ξ) = 0. This section uses material which can be found in more
detail in [Lee18]. From this section forward we will use the Einstein summation
convention, and assume the reader has familiarity with it.

Christoffel symbols and Curvature

Definition 3.4 (Christoffel symbols). We define

Γkij =
1

2
gkl (∂igjl + ∂jgil − ∂lgij) (3.16)

to be the Christoffel symbols of a metric tensor gij.

Using the Christoffel symbol, we define the Riemann curvature tensor.

Definition 3.5 (Riemann, Ricci and Scalar Curvature tensors). The Riemann
curvature Rijkl is defined to be

Rijkl = glm
(
∂jΓ

m
ik − ∂iΓ

m
jk + ΓpikΓ

m
jp − ΓpjkΓ

m
ip

)
. (3.17)

Furthermore, define the Ricci curvature tensor to be

Rjl = gikRijkl . (3.18)

Finally, set R to be the scalar curvature, defined by

R = gjlRjl . (3.19)

Different authors use different conventions for the Riemann curvature. Here we
have chosen the convention, such that the unit 2-sphere has a constant positive
scalar curvature of 2.

The Riemann curvature has symmetries, which we will use to reduce this tensor.

Proposition 3.6 (Symmetries of the Riemann curvature tensor). The following
identities hold for the Riemann curvature tensor

(a) Skew-symmetry in the first two variables: Rijkl = −Rjikl

(b) Skew-symmetry in the last two variables: Rijkl = −Rijlk

(c) Interchange symmetry: Rijkl = Rklij

(d) Bianchi identity: Rijkl +Rjkil +Rkijl = 0.

Proof. (a) Follows from writing out the definition of the Riemann curvature ten-
sor.
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(b) The proof for this symmetry uses the metric compatibility

∂kgij = Γlkjgil + Γlkigjl (3.20)

of the Christoffel symbol. Indeed, by writing out the definition of Γlki and
Γlkj we see that

Γlkiglj =
1

2
glm (∂kgim + ∂igkm − ∂mgik) glj

=
1

2
δmj (∂kgim + ∂igkm − ∂mgik)

=
1

2
(∂kgij + ∂igkj − ∂jgik)

(3.21)

and that

Γlkjgli =
1

2
glm (∂kgjm + ∂jgkm − ∂mgjk) gli

=
1

2
δmi (∂kgjm + ∂jgkm − ∂mgjk)

=
1

2
(∂kgij − ∂igkj + ∂jgik) .

(3.22)

Hence, it follows that

Rijkl +Rijlk = glm
(
∂jΓ

m
ik − ∂iΓ

m
jk + ΓpikΓ

m
jp − ΓpjkΓ

m
ip

)
+ gkm

(
∂jΓ

m
il − ∂iΓ

m
jl + ΓpilΓ

m
jp − ΓpjlΓ

m
ip

)
= glm

(
∂jΓ

m
ik − ∂iΓ

m
jk

)
+ gkm

(
∂jΓ

m
jl − ∂iΓ

m
jl

)
+ 2Γmil (∂jgkm)− 2Γmjk(∂iglm) + 2Γmik(∂jglm)− 2Γmjl (∂igkm)

+ ΓpimΓ
m
jlgkp − ΓpjmΓ

m
il gkp + ΓpimΓ

m
jkglp − ΓmikΓ

p
jmglp .

(3.23)

By applying Leibniz rule to ∂j(Γmikglm) and to ∂i(Γmjkglm) we notice that

Rijkl +Rijlk

= Γmil (∂jgkm)− Γmjk(∂iglm) + Γmik(∂jglm)− Γmjl (∂igkm)

+ ΓpimΓ
m
jlgkp − ΓpjmΓ

m
il gkp + ΓpimΓ

m
jkglp − ΓmikΓ

p
jmglp

= Γmil
(
∂jgkm − Γpjmgkp

)
− Γmjk(∂iglm − Γpimglp)

+ Γmik(∂jglm − Γpjmglp)− Γmjl (∂igkm − Γpimgkp)

= Γmil Γ
p
jkgmp − ΓmjkΓ

p
ilgmp + ΓmikΓ

p
jlgmp − ΓmjlΓ

p
ikgmp = 0 ,

(3.24)

by the metric compatibility and by exchanging the indices m and p whenever
it is necessary.

(c) This follows by combining the other parts of this proposition. Indeed, we see

56



that

Rijkl −Rklij = Rijkl +Rlikj +Riklj

= Rijkl −Rlijk −Rikjl

= Rijkl +Rijlk +Rjlik +Rkjil +Rjikl

= Rjlik −Rijkl +Rkjil

= Rjlik −Rijkl −Rjkil

= Rjlik +Rkijl = Rjlik −Rikjl .

(3.25)

By exchanging i↔ j and k ↔ l we find that

Rjilk −Rlkji = −Rjlik +Rikjl , (3.26)

such that

Rijkl −Rklij = Rjilk −Rlkji

= −Rjlik +Rikjl

= −Rijkl +Rklij = 0 .

(3.27)

(d) Writing out the definition, we get

Rijkl +Rjkil +Rkijl = glm
(
∂jΓ

m
ik − ∂iΓ

m
jk + ΓpikΓ

m
jp − ΓpjkΓ

m
ip

)
+ glm

(
∂kΓ

m
ji − ∂jΓ

m
ki + ΓpjiΓ

m
kp − ΓpkiΓ

m
jp

)
+ glm

(
∂iΓ

m
kj − ∂kΓ

m
ij + ΓpkjΓ

m
ip − ΓpijΓ

m
kp

)
= 0 ,

(3.28)

since Γkij = Γkji.

This finishes the proof of the proposition. �

Using the symmetries of the Riemann curvature tensor, we can show that the Ricci
curvature tensor is a symmetric tensor.

Proposition 3.7. The Ricci curvature tensor is symmetric, i.e. Rjl = Rlj.

Proof. We calculate using the previous proposition the Ricci curvature tensor Rlj

Rlj = gikRilkj = gikRkjil = −gikRjkil = gik (Rijkl +Rkijl)

= Rjl +
1

2
gik (Rkijl −Rikjl) = Rjl +

1

2

(
gkiRkijl − gikRikjl

)
= Rjl ,

(3.29)

which completes the proof. �

Using the Christoffel symbols we can give the geodesic equation. Solutions to
this differential equation are geodesics, which are the “shortest paths” on general
manifolds.
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Geodesics and the Exponential map

Definition 3.8 (Geodesics). A geodesic γv(t) : I → M is the solution to the
coupled ordinary differential equation

ẍk(t) + ẋi(t)ẋj(t)Γkij(x(t)) = 0 (3.30)

with initial conditions x(0) = p and ẋ(0) = v.

Existence and uniqueness of solutions to ordinary differential equations implies
the following lemma.

Lemma 3.9 (Rescaling lemma). For every p ∈ M , every v ∈ TpM and every
c, t ∈ R

γv(ct) = γcv(t) (3.31)

whenever either side is defined.

For a full proof see Lemma 5.18 in [Lee18]. We denote the time-one solution by
the exponential map.

Definition 3.10 (Exponential map). The exponential map expp(v) is the time-
one solution of the Geodesics Equation (3.30) with initial conditions x(0) = p and
ẋ(0) = v.

The inverse function theorem implies the following proposition.

Proposition 3.11. The exponential map is a local diffeomorphism.

Proof. By the inverse function theorem, it is sufficient to show that the derivative
d expp : T0TpM

∼= TpM → TpM is a linear isomorphism. To compute this deriva-
tive, we take a curve τ starting at 0 ∈ TpM with initial velocity v, e.g. τ(t) = tv,
and compute the initial velocity of expp ◦τ . We get

d(expp)0(v) =
d

dt

∣∣∣∣
t=0

(expp ◦τ)(t) =
d

dt

∣∣∣∣
t=0

expp(tv) = γv(t) = v , (3.32)

by the Rescaling lemma. We therefore conclude that the derivative d expp is the
identity map, and that the exponential map is a local diffeomorphism. �

We use the exponential map in the definition of normal coordinates.

Normal coordinates

Definition 3.12 (Normal coordinates). We say that a neighbourhood U of p ∈M
is normal if it is the image of a star-shaped domain V ⊆ TpM under the local
diffeomorphism expp.
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Taking an orthonormal basis (bi) of TpM with respect to the metric tensor gij,
there is a linear transformationB : Rn → TpM such that the standard orthonormal
basis (e1, . . . , en) is mapped to E. We say that the local coordinates (x1, . . . , xn)
given by the chart ϕ = B−1 ◦ (expp |V )−1 : U → Rn are the normal coordinates
centred at p.

Using the definitions, propositions and lemmata from above we can give the fol-
lowing proposition.

Proposition 3.13 (Normal coordinates). The following hold about normal coor-
dinates:

(a) There are normal coordinates.

(b) The normal coordinates are unique up to multiplication by a matrix A ∈ O(n),
which is constant in x.

(c) The normal coordinates of p ∈M are (0, 0, . . . , 0).

(d) The Riemannian metric gij(p) = δij.

(e) If v = vi∂i ∈ TpM , then the geodesic γv starting at p with initial velocity v, is
given by γv(t) = (tv1, . . . , tvn).

(f) The Christoffel symbols vanish at p.

(g) All the first partial derivatives of gij vanish at p.

(h) At p, the Riemann curvature Rijkl is given by
1

2
(∂i∂lgjk + ∂j∂kgil − ∂i∂kgjl − ∂j∂lgik) . (3.33)

Proof. (a) The definition provides a construction for normal coordinates.

(b) Suppose (ei) and (ẽi) are normal coordinates centred around p, then the
images (bi) of (ei) under B : Rn → TpM and (b̃i) of (ẽi) under B̃ : Rn → TpM
form orthonormal bases of TpM with respect to the metric tensor gij. Hence,
(bi) differs from (b̃i) by an isometric transformation, and hence B ◦ B−1 is
an isometry, such that ei = Aij ẽ

j for some orthogonal matrix A ∈ O(n).

(c) This follows from the definition, since expp(0) = p.

(d) The coordinates (bi) ⊆ TpM are orthonormal with respect to gij. Hence, in
the normal coordinates gij = δij.

(e) The exponential map expp is the time-1 flow of a geodesic γv(t) with initial
point p and initial velocity v. It follows that

ϕ(γv(t)) = B−1 ◦ (expp |V )−1 ◦ expp |V (tv)
= B−1(tv) = (tv1, . . . , tvn)

(3.34)

in normal coordinates.
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(f) By the previous part with the geodesic equation at t = 0, it follows that

ẋi(t)ẋj(t)Γkij(p) = vivjΓkij(p) = 0 . (3.35)

In particular for v = ∂a + ∂b it shows that

Γkab = 0 (3.36)

for all a, b, k ∈ {1, . . . , n}. We conclude that all Christoffel symbols vanish
at p in normal coordinates.

(g) By the metric compatibility of the Christoffel symbol

Γlkiglj + Γlkjgil = ∂kgij , (3.37)

it follows, using the previous part, that at p in normal coordinates ∂kgij = 0.

(h) By the previous two parts of this proposition, it follows that

Rijkl = glm
(
∂jΓ

m
ik − ∂iΓ

m
jk + ΓpikΓ

m
jp − ΓpjkΓ

m
ip

)
= δlm

(
∂jΓ

m
ik − ∂iΓ

m
jk

)
=
δlm
2

(
∂j (g

mq (∂igkq + ∂kgiq − ∂qgik))

− ∂i (g
mq (∂jgkq + ∂kgjq − ∂qgjk))

)
=

1

2
(∂i∂lgjk + ∂j∂kgil − ∂i∂kgjl − ∂j∂lgik) .

(3.38)

This finishes the proof for the proposition. �

The next theorem gives an expansion of the metric tensor in normal coordinates.

Theorem 3.2. The Taylor expansion of the Riemannian metric gij(x) in normal
coordinates centred at p is given by

gij(x) = δij(p)−
1

3
Rikjl(p)x

kxl +O(|x|3) . (3.39)

Proof. We have from Equation (3.20) that in normal coordinates

∂l∂kgij(0) = ∂lΓ
m
ik(0)δmj + ∂lΓ

m
jk(0)δim . (3.40)

By the fact that geodesics through the origin are given by tv it follows that by
differentiating the geodesic equation at time t = 0 in normal coordinates that

0 = ∂lΓ
k
ij(tv)v

ivj = ∂lΓ
k
ij(0)v

ivjvl , (3.41)

which is a homogenous polynomial of degree 3. Since the coefficient of the term
vivjvl is the permutation of ∂lΓkij(0), it follows that

∂lΓ
k
ij(0) + ∂iΓ

k
jl(0) + ∂jΓ

k
li(0) = 0 . (3.42)
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Then in normal coordinates

Riklj +Rilkj = δjm (∂kΓ
m
il − ∂iΓ

m
kl) + δjm (∂lΓ

m
ik − ∂iΓ

m
lk)

= δjm (−3∂iΓ
m
lk) ,

(3.43)

such that by Equation (3.40)

∂l∂kgij(0) = −1

3
(Rlikj +Rlkij +Rljki +Rlkji)

= −1

3
(Rikjl +Riljk) .

(3.44)

Then it also follows that

gij = δij −
1

3
Rikjlx

kxl +O(|x|3) , (3.45)

by the Taylor expansion, which finishes the proof. �

We can now also give the second derivative of the inverse gij and the absolute
value of the determinant |g| = | det gij| in normal coordinates centred at p.

Corollary 3.14. The second derivative ∂p∂mgij in normal coordinates at p is given
by

∂p∂mg
ij(p) =

1

3
δkiδlj (Rkplm +Rkmlp) . (3.46)

Proof. Notice that by Leibniz rule

∂p∂mg
ij(p) = ∂p∂m(g

ikgklg
lj)(p)

= ∂p∂m(g
ik)(gklg

lj)(p) + gikglj∂p∂m(gkl)(p) + gikgkl∂p∂m(g
lj)(p)

= 2∂p∂mg
ij(p) + δkiδlj∂p∂mgkl(p)

(3.47)

from which the statement follows. �

Corollary 3.15. The second derivative ∂p∂m|g| in normal coordinates at p is given
by

∂p∂m|g|(p) = −1

3
δij (Rimjp +Ripjm) = −2

3
Rpm . (3.48)

Proof. In normal coordinates at p the determinant det g = 1, hence on a neigh-
bourhood of p, the determinant is positive, and we can take derivatives there.
Since gij = δij − 1

3
Ripjmx

pxm +O(|x|3), it follows that

det g = 1− 1

3
δijRikjlx

kxl +O(|x|3) = 1− 1

3
Rklx

kxl +O(|x|3) , (3.49)

by the definition of the determinant, and the Ricci curvature in normal coordi-
nates. The statement now follows directly. �
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In dimensions two and three, it is possible to write the Riemann curvature tensor in
terms of the scalar curvature and the Ricci curvature respectively, as the following
proposition shows.

Proposition 3.16. In dimensions two and three the Riemann curvature Rabcd

tensor can be written as

Rabcd =
R

2
(gadgbc − gacgbd) , (3.50)

and

Rabcd = Racgbd +Rbdgac −Radgbc −Rbcgad +
R

2
(gadgbc − gacgbd) (3.51)

respectively. In normal coordinates centred at p ∈M , these expressions reduce to

Rabcd(p) =
R

2
(δadδbc − δacδbd) , (3.52)

and

Rabcd(p) = Racδbd +Rbdδac −Radδbc −Rbcδad +
R

2
(δadδbc − δacδbd) (3.53)

respectively.

Proof. From Proposition 3.6 it follows that Rijkl has n2(n2 − 1)/12 independent
components. For details of this claim see [Lee18] Proposition 7.21.

The upshot of this result is that if dimM = 2 that Rijkl has one independent
component. Notice furthermore that gadgbc − gacgbd satisfies the conditions of
Proposition 3.6, hence

Rabcd = f(R) (gadgbc − gacgbd) (3.54)

for some smooth function f of the scalar curvature. By contracting the Riemann
curvature to the scalar curvature we notice that

R = gbdgacRabcd = gbdgac (gadgbc − gacgbd) f(R) = (4− 2)f(R) (3.55)

hence f(R) = R/2.

Similarly, if dimM = 3, then Rijkl has only six independent components, exactly
the same number of independent components as Rjl and gik have. Notice that

Racgbd +Rbdgac −Radgbc −Rbcgad +
R

2
(gadgbc − gacgbd) (3.56)

satisfies the conditions of Proposition 3.6. Notice furthermore that(
Racgbd +Rbdgac −Radgbc −Rbcgad +

R

2
(gadgbc − gacgbd)

)
gac

= gacRacgbd + 3Rbd −Radδ
a
b −Rbcδ

c
d +

R

2
(gbcδ

c
d − 3gbd)

= Rgbd + 3Rbd − 2Rbd −Rgbd = Rbd ,

(3.57)
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hence the map

G :{symmetric 2-tensors} → {curvature tensors}

Rbd 7→ Racgbd +Rbdgac −Radgbc −Rbcgad +
R

2
(gadgbc − gacgbd)

(3.58)

is a right-inverse to the map

Trg :{curvature tensors} → {symmetric 2-tensors}
Rabcd 7→ gacRabcd = Rbd .

(3.59)

Thus, G is injective and Trg is surjective. But, because the dimensions of the
spaces are equal, we see that G and Trg are isomorphisms. �

We use these results in the next section to reduce the parametrix of the Laplace-
Beltrami operator.

3.4 Parametrix of the Laplace-Beltrami operator
in normal coordinates

Combining the results from the two previous sections, then we can see that τ−3

from Equation (3.11) vanishes at p0 in normal coordinates. This is because the
derivative ∂xk1g

ij(p0) = 0, and because the correction to τ−3 from Equation (3.13)
vanishes also at p0 in normal coordinates, since σ1(p0, ξ) is a sum of derivatives of
gij at p0. Furthermore, we are able to write τ−4 as

τ−4(p0, ξ) =
n∑

k2=1

n∑
k3=k2+1

−
〈
ξ, ∂xk2∂xk3g

ijξ
〉(−8ξk3ξk2|ξ|2

|ξ|10

)

+
n∑

k2=1

−1

2

〈
ξ, ∂xk2∂xk2g

ijξ
〉( 2

|ξ|6
−

8|ξ|2ξ2k2
|ξ|10

)

+
n∑

i,k,j=1

(
1

2
(∂xk∂xi |g|) δijξj + (∂xk∂xig

ij)ξj

)
2ξk
|ξ|6

(3.60)

In the rest of this section we calculate this term in the case that the dimension n
is two and three.

Dimension two

Lemma 3.17. In normal coordinates in dimension 2 we can write

∂xp∂xmσ2(p0, ξ) =
R

3

(
δpm|ξ|2 − ξmξp

)
(3.61)
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Proof. Using Corollary 3.14 and Proposition 3.16 we see that
∂xm∂xpσ2(p0, ξ) = −∂xm∂xpgijξiξj

= −1

3
(Rkplm +Rkmlp)ξ

kξl

= −R
6
(δkmδpl − δklδpm + δkpδml − δklδmp) ξ

kξl

=
R

6

(
2|ξ|2δpm − 2ξmξp

)
(3.62)

which proves Equation (3.61). �

Lemma 3.18. In normal coordinates in dimension 2 we can write

∂xpσ1(p0, ξ) = −iR
3
ξp (3.63)

Proof. Once again using Corollary 3.14 and Proposition 3.16, but also by Corollary
3.15 we find that

∂xpσ1(p0, ξ) = −i
(
∂xp∂xi |g|

2|g|
gij + ∂xp∂xig

ij

)
ξj

= −i
(
−1

6
(Rkikp +Rkpki) δ

ij +
1

3
δkiδlj (Rkpli +Rkilp)

)
ξj

= −i
(
− R

12
(δkpδik − δkkδip + δkiδkp − δkkδpi) δ

ij

+
R

6
δkiδlj (δkiδpl − δklδpi + δkpδli − δklδip)

)
ξj

= −i
(
R

6
ξp +

R

6
ξp

)
(3.64)

which proves Equation (3.63). �

Proposition 3.19. In dimension 2, the −4th order term of the parametrix of the
symbol of the Laplace-Beltrami operator in normal coordinates centred at p0 is
given by

τ−4(p0, ξ) = − R

|ξ|4
. (3.65)

Proof. Using the previous two lemmata, we see that

τ−4(p0, ξ) = −
[
−

∑
1≤p<m≤2

R

3

(
δpm|ξ|2 − ξmξp

)(−8ξpξm
|ξ|6

)
−

∑
1≤p=m≤2

R

6

(
δpm|ξ|2 − ξmξp

)(2δpm
|ξ|4

− 8ξpξm
|ξ|6

)
− i

∑
1≤p≤2

−iR
3
ξp
2ξp
|ξ|4

]
τ−2

= −8

3

Rξ21ξ
2
2

|ξ|8
− R

3

(
ξ21 + ξ22
|ξ|6

− 8ξ21ξ
2
2

|ξ|8

)
−
∑
p

2Rξ2p
3|ξ|6

= − R

|ξ|4
.

(3.66)

This proves the proposition. �
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Dimension three

In three dimensions the calculations become a little more elaborate.

Lemma 3.20. In normal coordinates in dimension 3 we can write

∂xm∂xpσ2(p0, ξ) = −1

3

[
2Rklδpmξ

kξl + 2Rpm|ξ|2 − 2Rkmξ
kξp

− 2Rlpξ
lξm +R

(
ξmξp − δpm|ξ|2

) ] (3.67)

Proof. Using Corollary 3.14 and Proposition 3.16 we see that

∂xm∂xpσ2(p0, ξ) = −∂xm∂xpgijξiξj = ∂xm∂xpgijξiξj

= −1

3
(Rkplm +Rkmlp)ξ

kξl

= −1

3

[
2Rklδpmξ

kξl + 2Rpm|ξ|2 −Rkmξ
kξp −Rlpξ

lξm

−Rkpξ
kξm −Rlmξ

lξp +
R

2

(
2ξmξp − 2δpm|ξ|2

) ]
(3.68)

which proves the lemma after relabelling the necessary indices. �

Lemma 3.21. In normal coordinates in dimension 3 we can write

∂xpσ1(p0, ξ) =
5i

3
Ripξ

i . (3.69)

Proof. Using Corollaries 3.14 and 3.15 we find that

∂xpσ1(p0, ξ) = −i
(
∂xp∂xi |g|

2|g|
gij + ∂xp∂xig

ij

)
ξj

= −i
(
−1

6
(Rkikp +Rkpki) δ

ij +
1

3
δkiδlj (Rkpli +Rkilp)

)
ξj ,

(3.70)

which, using Proposition 3.16, and the fact that the trace of the Ricci curvature
is the scalar curvature, can be reduced to

i

3

[(
Rkkδpi +Rpiδkk −Rkpδik −Rikδkp +

R

2
(δkpδki − δkkδip)

)
δij

− δkiδlj
[
(2Rklδip + 2Ripδkl −Rkiδpl −Rplδik −Rkpδil −Rilδkp)

+
R

2
(δkiδpl − 2δklδpi + δkpδil)

]]
ξj

=
i

3

(
5Ripξ

i +Rξp −
R

2
(3ξp − 2ξp + ξp)

)
=

5i

3
Ripξ

i ,

(3.71)

which proves the lemma. �
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Proposition 3.22. In dimension 3, the −4th order term of the parametrix of the
symbol of the Laplace-Beltrami operator in normal coordinates centred at p0 is
given by

τ−4(p0, ξ) =
32

3

Ripξiξp
|ξ|6

. (3.72)

Proof. Using the previous two lemmata, computeralgebra systems can find that

τ−4(p0, ξ) =
1

|ξ|2

[
∑

1≤p<m≤3

1

3

[
2Rpm|ξ|2 − 2Rkmξ

kξp − 2Rlpξ
lξm +Rξmξp

](
−8ξpξm
|ξ|6

)

+
∑
p

{
1

6

[
2Rklδppξ

kξl + 2Rpp|ξ|2 − 4Rkpξ
kξp +R

(
ξ2p − δpp|ξ|2

) ]
(
2δpp
|ξ|4

−
8ξ2p
|ξ|6

)}
+
∑
p

1

3

(
5Ripξ

i
) 2ξp
|ξ|4

]
=

32

3

Rijξ
iξj

|ξ|6

(3.73)

which finishes the proof. �

3.5 Schwartz kernels

In this section we look at the Schwartz kernels of the parametrices we found in the
previous section. Remember Theorem 2.5, which shows that the Schwartz kernel
exists. This result shows that we are allowed to calculate the Schwartz kernels
K−2−l(p0, p) for l = 0, 1, 2, . . ..

In this section we calculate the Schwartz kernels for the leading two terms of the
parametrix of the Laplace-Beltrami operator in dimension two and three.

Theorem 3.3. The Schwartz kernel of order −2 is given by

K−2(p0, p) =

{
log |p0 − p|+K ′

−2(p0, p) n = 2

2(n−4)/2Γ(n
2
− 1)|p− p0|2−n +K ′

−2(p0, p) n ≥ 3
(3.74)

where K ′
−2(p0, p) is infinitely smoothing.

Proof. Notice first that if a(x, ξ) ∈ Sk is a symbol, which has compact support
in the ξ-variable as in the assumptions of Corollary 2.7, then the Schwartz kernel
Ka(x, y) is also infinitely smoothing. This is because

(Tau)(x) =
1

(2π)n/2

∫
Rn

eix·ξa(x, ξ)û(ξ) dξ ∈ C∞(Rn) , (3.75)
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however at the same time

(Tau)(x) =
1

(2π)n/2

∫
Rn

Ka(x, y)u(y) dy . (3.76)

Now the theorem follows directly from Theorem 1.3. �

Theorem 3.4. On (R2, g), the Schwartz kernel K−4 in normal coordinates centred
at p0 is given by

K−4(p0, p) = −1

2
R(p0)|p− p0|2

+
1

2
R(p0)|p− p0|2 log |p− p0|+K ′

−4(p0, p) ,
(3.77)

with K ′
−4(p0, p) infinitely smoothing.

Proof. Notice that since R/|ξ|4 is rotationally invariant

F
[
R

|ξ|4

]
(x) = F−1

[
R

|ξ|4

]
(−x) = F−1

[
R

|ξ|4

]
(x) , (3.78)

hence by Propositions 1.27 and 3.19, the theorem holds. �

Theorem 3.5. On (R3, g) the Schwartz kernel K−4 in normal coordinates centred
at p0 is given by

K−4(p0, p) =
2
√
2π

3

(
R(p0)|p− p0|

+
Rij(p0)(p− p0)

i(p− p0)
j

|p− p0|

)
+K ′

−4(p0, p)

(3.79)

with K ′
−4 infinitely smoothing.

Proof. By Proposition 1.28 it follows in normal coordinates centred at p0 that

F−1

[
Rij(p0)ξ

iξj

|ξ|6

]
(y) = F

[
Rij(p0)ξ

iξj

|ξ|6

]
(−y)

=

√
2π

16
Rij(p0)

(
δij|y|+ yiyj

|y|

)
=

√
2π

16

(
R(p0)|y|+

Rij(p0)y
iyj

|y|

)
.

(3.80)

Hence, on (R3, g) in normal coordinates centred at p0, it holds that

K−4(x, y) =
32

3
F−1

[
Rij(p0)ξ

iξj

|ξ|6

]
+K ′

−4(x, y)

=
2
√
2π

3

(
R(p0)|y|+

Rij(p0)y
iyj

|y|

)
+K ′

−4(x, y) ,

(3.81)

with K ′
−4(x, y) infinitely smoothing, by Proposition 3.22, which proves the theo-

rem. �
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The following theorem allows us to calculate the solutions to the pseudodifferential
equation

∆gu = f . (3.82)

Theorem 3.6. Let n = 2 or n = 3, then for each f ∈ L2, the function u′ given by

u′ =

∫
Rn

K−2(x, x− z)f(z) dz +

∫
Rn

K−4(x, x− z)f(z) dz (3.83)

satisfies

u− u′ ∈

{
C2 if n = 2

C1 if n = 3
, (3.84)

where u denotes the solution to the pseudodifferential equation (3.82).

Proof. Using the parametrix P of the Laplace-Beltrami operator ∆g we find a u′
such that for each f it holds

u− Pf ∈ C∞(Rn) (3.85)

for each n. Using the calculations above, we can write Pf as

Pf(x) =

∫
Rn

(K−2(x, x− z) +K−2(x, x− z))f(z) dz + (Tτ−5f)(x) . (3.86)

We only need to show that Tτ−5f is sufficiently continuously differentiable. Let
g ∈ L2 be such that ḡ = f̂ , then by the Cauchy-Schwartz inequality it follows that

|∂αx (Tτ−5f)(x)| ≤ (2π)−n/2
∫
Rn

|ξατ−5(x, ξ)f̂(ξ)| dξ

= (2π)−n/2
∫
Rn

|ξατ−5(x, ξ)ḡ(ξ)| dξ

≤ (2π)−n/2
(∫

Rn

|C(1 + |ξ|)2(|α|−5) dξ

)1/2(∫
Rn

|g(ξ)|2 dξ
)1/2

,

(3.87)

since ξατ−5(x, ξ) is a symbol of order |α| − 5. By using spherical coordinates we
find that ∫

Rn

(1 + |ξ|)2(|α|−5) dξ <∞ (3.88)

if and only if |α| < 1+ (5−n)/2, which means in the case that n = 2 that |α| ≤ 2
and in the case that n = 3 that |α| ≤ 1. �

This theorem shows that given f ∈ L2 we can find an approximation u′ given
by Equation (3.83) such that u′ differs from u by at most a C1 function in the
case that the dimension n = 3 and by at most a C2 function in the case that the
dimension n = 2.
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3.6 Final remarks

This section will try to give some small insights into the use of this thesis.

Firstly, the Laplace-Beltrami operator: the operator can be given independently
of a choice of local coordinates. In particular, on a general Riemannian manifold
(M, g), we have ∆gf = div(gradf) for any f ∈ C∞(M,R). Notice that in this
case this definition for the Laplace-Beltrami operator is consistent with the Laplace
operator on M = Rn and gij = δij.

In an equivalent way to the Laplace operator, the Laplace-Beltrami operator can
be used in partial differential equations on Riemannian manifolds. We already
discussed the Poisson equation

∆gu = f (3.89)

in this thesis, but the heat-equation

∂u(x, t)

∂t
= k∆gu(x, t) k > 0 , (3.90)

and wave-equation

∂2u(x, t)

∂t2
= c2∆gu(x, t) c ∈ R (3.91)

extend naturally to Riemannian manifolds in this way; see for example [DP20;
CS19; Tzo23] and many others. Furthermore, some stochastic processes, which
can be modelled on Rn by partial differential equations can now be modelled on
Riemannian manifolds. The most important one is the random walk, which can
be modelled by the heat equation, also on Riemannian manifolds; see for example
[NTT21].

In general on a Riemannian manifold, there may not be local coordinates, which
extend globally. Roughly, to use the calculations in this thesis, we give normal
local coordinates xi centred at a point p0, and extend these local coordinates to
Rn by defining a metric g̃ij which is gij inside some ball of g-radius ε0 > 0 and
δij outside some ball of g-radius ε1 > ε0 around p0. This can be achieved in a
way such that g̃ij is still smooth. Once such coordinates are given, we are in the
situation of the assumptions of the calculations in this thesis.

The calculations in this thesis can therefore be used for finding approximate solu-
tions of the Poisson equation on general Riemannian manifolds.
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Conclusion

In this thesis the theory of pseudodifferential operators was explored. In Chapter 1
we first gave an introduction to distribution theory, and the Fourier transform. We
showed that Schwartz functions approximate the tempered distributions. We then
showed that the Fourier transform extends to a linear isometric isomorphism on L2.
Finally, we gave a method for computing the Fourier transform of homogeneous
distributions, and computed the Fourier transform of the distributions |x|−2, |x|−4

and others in the two- and three-dimensional cases.

In Chapter 2 we defined pseudodifferential operator using the theory built up in
the previous chapter. We showed that the composition of two pseudodifferential
operators is once again a pseudodifferential operator, and gave the symbol ac-
companying this operator. We then showed that a pseudodifferential operator
of order 0 is a bounded linear operator on L2, and used it to show that any
pseudodifferential operator is a bounded linear operator between Sobolev spaces.
Furthermore, we showed that a pseudodifferential operator has a Schwartz ker-
nel, which allows us to represent the pseudodifferential operator as an integral
operator.

Next we restricted ourselves to elliptic pseudodifferential operators, for which
we showed that an approximate inverse, the parametrix exists. We used this
parametrix to give a statement of elliptic regularity in Theorem 2.7.

Finally, in Chapter 3 we used all the material we discussed in the previous chap-
ters to compute the parametrix of the Laplace-Beltrami operator ∆g. We showed
that normal coordinates exist on a Riemannian manifold to simplify the expres-
sion we found. Furthermore, we computed the Schwartz kernel of the terms in the
parametrix of the Laplace-Beltrami operator, using the computed Fourier trans-
forms of homogeneous distributions in Chapter 1. To conclude, we showed that if
u′ is of the form of Equation (3.83) and u is the solution to Equation (3.82), then
u− u′ is C1 if the dimension is equal three and u− u′ is even C2 if the dimension
is equal two. This shows that given an input function f we can compute the
solution to Equation (3.82) up to a function which is continuously differentiable
if the dimension is small enough.

To finish, we gave some very rough outlines of how to use the calculations in this
thesis. I hope to be able to continue my research, use this material in further work
and get a deeper understanding of the material covered in this thesis.
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Popular summary

In this thesis we explore partial differential equations on manifolds. We start by
introducing constant coefficient partial differential operators D. An example of
these is the Laplacian given by

∆u =
n∑
i=1

∂2u

∂x2i
,

which is the sum of the second derivative in each spatial direction of a function
u : Rn → R. For any f : Rn → R such that∫

Rn

|f(x)|2 dx <∞ ,

we can easily solve the partial differential equation

∆u(x) = f(x) x ∈ Rn ,

using the Fourier transform. In particular the solution is given by

u = F−1[−f̂(ξ)/|ξ|2] ,

where F−1 denotes the inverse Fourier transform, and f̂(ξ) denotes the Fourier
transform of f(x). Unfortunately once the partial differential operator D is also
dependent on the position x, this solution breaks down.

This thesis gives an introduction to so-called pseudodifferential operators, which
extend the notion of space-dependent partial differential operators. We show that
two pseudodifferential operators can be composed to a new pseudodifferential op-
erator. Furthermore, we show that if a pseudodifferential operator Ta is elliptic,
then an approximate inverse Tb can be found, allowing us to solve the pseudo-
differential equation

Tau = f ,

where f is as before. In particular, we find that u = Tbf + g, where g is an
undetermined smooth function.

The theory of pseudodifferential operators is necessary, since on a smooth manifold
M we can only give a local description of the spatial directions. We therefore
cannot expect partial differential operators with constant spatial coefficients. An
example of a pseudodifferential operator on a smooth manifold is given by the
Laplace-Beltrami operator ∆g on a Riemannian manifold (M, g). The Laplace-
Beltrami operator extends the notion of the Laplacian to Riemannian manifolds,
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but is space-dependent, and therefore requires the theory of pseudodifferential
operators. This thesis computes the leading order terms (up to 3rd order) T of the
approximate inverse of the Laplace-Beltrami operator, and shows that the solution
u to the pseudodifferential equation

∆gu = f ,

is given by u = Tf + h, where h is a twice continuously differentiable function if
the dimension n = 2.

The Laplace-Beltrami operator can be used to define random walks on Riemannian
manifolds in a similar fashion as to how the Laplacian can be used to define
random walks on flat Euclidean space. This thesis does not go into that topic, but
it indicates a possible use for the Laplace-Beltrami operator.
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