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Introduction & Background |

Let (M, g) be a Riemannian manifold, we analyse Brownian motion on M
» Mean first escape times (MFET) of BM

» Semi-formally: Given a Brownian motion X; starting at Xo = x and a target I,
what is the mean first escape time of the Brownian motion X; into ', and what
are the asymptotics as € — 07

[

Has a rich literature based on probabilistic, PDE, matched asymptotic and microlocal
techniques.
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Background Il

MELBOURNE

» Given a Riemannian manifold (M, g), Brownian motion is a continuous random
variable X;,t > 0.

> If X; starts at xo € M (i.e. Xo = xp), then the probability density function f(t, x)
of X; is given by the fundamental solution of the heat equation
of (t, x)
ot

= N f(t,x), (0, x) = 0y (x) - (1)

» Given a trap [ C M/OM, denote the first escape time 7. of a Brownian motion
X; into [
Te=inf{t>0:X; €T} .
» Interested in the mean first escape time u¢(x)
ue(x) =E[re : Xo = x] (2)

and their asymptotics as € — 0.
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Introduction & Background Il

» Interested in the mean first escape time u¢(x)
ue(x) = E[re : Xo = x] (2)

and their asymptotics as € — 0.

> Integration by parts argument shows

Agu(x)=-1 on M\ T, ucgr.=0 3
g e

» Additional conditions can be added e.g. (partially) reflecting boundaries.
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Introduction & Background IV (Examples and Results)

MELBOURNE

Narrow escape in 2D (Holcman & Schuss, 2004)

Let Q C R? bounded with smooth boundary. The mean first escape time u,(x) of
a Brownian motion (BM) starting at x through a small absorbing trap I'c C 90
on an otherwise smooth completely reflecting boundary of radius € satisfies

ue = —|Qlloge+ O(1) ase—0.

e
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Introduction & Background IV (Examples and Results)

MELBOURNE

Narrow escape in 3D Riemannian manifolds (Nursultanov, Tzou & Tzou 2021)

(M3,0M, g) a smooth compact Riemannian 3-manifold with boundary. The mean
first escape time u(x) of a BM X; starting at x through a small absorbing trap
e € OM on an otherwise smooth completely reflecting boundary of radius €
satisfies

_ M1
= 47rH(X )|M|log e+ O(1)

where H(x*) is the mean curvature at the centre of the trap.

Ue
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Introduction & Background IV (Examples and Results)

Narrow capture on general Riemannian surfaces (Nursultanov, Trad, Tzou & Tzou 2023)

Let (M, g) be a smooth compact Riemannian manifold (w, w/o completely re-
flecting boundary OM) of dimension 2. The mean first escape time u(x) of a
Brownian motion starting at x into a geodesic ball ['c = By, (¢€) of size € around

Xg € M° satisfies

M
ue(x) = —‘2|g loge + O(1) ase— 0.
T
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General strategy

Full Cauchy data

For fixed € the solution uc is uniquely determined by the BVP.
However to find the asymptotics of the solution u, as € — 0, the (asymptotics of
the) full Cauchy data

Ce = Judr., = 0 8hoi]ar.)r

are needed.
Strategy: Provide asymptotics of the full Cauchy data together with asymptotics
of the Green's function to solve the BVP as ¢ — 0.
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Layer potentials

Layer potentials

Definition
For f € C*°(09), the single layer potential is the operator

SL: C*(0Q2) — C(Q) : f r—)/ (x; y)f(y)dS(y)

Proposition

For f € C*(09Q), the single layer potential satisfies the jump relations

lim SLf(x)= lim SLf(x / G(z: y)f(y)dS(y)

x—zt

lim_9,SLf(x) = ; (:Ff(z)+2/89 ayzG(z;y)f(}’)dS(Y)> = %(:FH N#)f(z)

X‘)Z
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General strategy

Full Cauchy data

For fixed € the solution wu, is uniquely determined by the BVP.
However to find the asymptotics of the solution u. as € — 0, the (asymptotics of
the) full Cauchy data

Ce - {Ue||'57 = O,C%Ug\re}

are needed.
Strategy: Provide asymptotics of the full Cauchy data together with asymptotics
of the Green's function to solve the BVP as ¢ — 0.

General theme of the previous results

Singularity structure of the Green's function G(x; y) are approximately the asymp-
totics of u. as € — 0.
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Background V

Asymptotically hyperbolic & gas giant manifolds

Asymptotically hyperbolic manifolds
» Riemannian manifolds with boundary (M,0M, g) where g = g/p? for some
boundary defining function p, and some compact metric g.
» Natural extension the hyperbolic spaces H"”
> Negatively curved (near the boundary dM)
» Infinite length geodesics and infinite volume
Gas giant manifolds
» Riemannian manifolds with boundary (M,90M, g) where g = g/p“ for some
boundary defining function p, some compact metric g and some parameter
a € (0,2).
» Introduced recently
> Finite length geodesics, but (depending on the dimension and parameter «)
infinite volume
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Setting the setting

» Normalise |dplop =1 >0
> LetTe={xeM:p(x)<e}, Mc:=M\T,={xe M:p(x)> €}

» Mean first escape time uc(x) of a Brownian motion X; starting at x € M, into I',
satisfies the PDE
Agu(x)=—-1 on M., ucom. =0 (4)
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Theorems

MFET of BM on AH and gas giant surfaces

Theorem (J. Gell-Redman, EJG, J. Tzou, L. Tzou)

If (M,0M, g) is an asymptotically hyperbolic or gas giant surface, then the
mean first escape time from the manifold M. = {x € M : p(x) > €} satisfies

) = {— loge + O(1) if M is asymptotically hyperbolic N

o(1) if M is a gas giant

MFET on AH surfaces E.J. Godfried, unimelb 17/35



Strategy |

Lemma
Let M be a two dimensional Riemannian manifold with two metrics g1, g> conformally
related by g» = [3(x)g1 for some positive smooth function 3(x), then

Ag, = Aﬁ(X)gl = B(x)Ag

Corollary

Let (M,g = g/p?) be asymptotically hyperbolic, then the boundary value problem (4)
is equivalent to

AEUG(X) = — on M., Ue|8l\/l6 =0.

p?(x)
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Strategy Il

Let ve(x) € C*°(M,) be defined by

Ve(x) := log p(x) — log e (5)

Lemma

If (M =D, g =4gg,./(1 —x%— y?)?) is the (constantly negatively curved) Poincaré
disc with boundary defining function p(x) = 3(1 — x> — y?), then v,(x) solves the
boundary value problem (4), i.e. satisfies the bound u.(x) = —loge + O(1) as e — 0.
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Strategy |l

Strategy

On general (M, g) asymptotically hyperbolic, near the boundary v(x) solves the

boundary value problem (4) (approximately). Take a bump-function x(p(x)) = 1 near
the boundary OM.

If u.(x) solves the boundary value problem (4), set

we(x) := ue(x) = x(x)ve(x) (6)
and show asymptotics of error term w(x).

We will use Green's formula for this:

/ Golx; ¥) Bgwely)dVolg(y / Golx: )3 we(y)dS()
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Proving strategy IV

Proposition
The function w, satisfies

Agwe(x) = fi(x)loge+ h(x) forx € M,
with

> fl) f2 € COO(ME) —
» If Go(x;y) is the Dirichlet Green's function for Az on M, then

/M Go(x; y)fi(y)dVolg(y) = x(x) — 1
» We have for each x € M°

/ Go(x; y)h(y)dVolg(y) = O(1) ase—0.

€
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Layer potentials

Layer potentials

Definition
For f € C*°(09), the single layer potential is the operator

SL: C*(0Q2) — C(Q) : f r—)/ (x; y)f(y)dS(y)

Proposition

For f € C*(09Q), the single layer potential satisfies the jump relations
lim SLf(x) = Iim SLf(x) = / G(z; y)f(y)dS(y)
-z~ o)

x—zt

lim_9,SLf(x) = ; <:Ff(z)+2/m 8,,ZG(z;y)f()’)d5(Y)> = %(:F/+ N#)f(z)

X‘)Z
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Layer potentials Il

By Green's formula we have

we(x) = [ Go(x;y)(fi(y)loge + fa(y))dVolg(y) — |  Go(x;y)d,we(y)dS(y)
M. M.

Goal: Find asymptotics of d,w.(y) as ¢ — 0.
Apply 0,:

Dy we(2)+0y / Go(x: ¥)Oywe(y)dS(y) = 0y / Go(x; y)(fi(y) log e+fa(y))dVolg(y)

€ Me

By layer potentials, get the equation

S+ NAYOw)(2) = 0, [ Golziy)(A(y)loge + fly))Volg(y)
Me
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Layer potentials Il

Lemma (Informally)
IfQ=D,> CD, and Go(x;y) is the Dirichlet Green's function on (D, gguc), then

1
0,. Go(z; ~—
Vz O(Z Y)‘yeaﬂ o (Z - }/)2 + 62 2

e—0

Hence, Ne# — I

Have the equation

%(/ + NF)(Oywe)(2) = 0, y Go(z; y)(fi(y) loge + f2(y))dVolg(y)
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Completing the proof

Lemma
The right-hand side

g(z) =0, /M Go(z; y)(fi(y)loge + f(y))dVolg(y) = O(loge) ase — 0.

Conclusion (Above lemma & layer potential techniques):

-1
Oywe(z) = <;(l + Ne#)> g(z) = O(loge) ase— 0.
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Proof main theorem

By Green's theorem, w,(x) satisfies:

we(x) = [ Go(x;y)(fi(y)loge + fa(y))dVolg(y) — / Go(x; y)Ouwe(y)dS(y)
M. OMe

= (x(x) = 1)loge+ O(1) + O(eloge) ase—0

Proof of the main theorem

By construction:

Ue(x) = we(x) + x(x) log(p(x)/€)
= (x(x) — 1) log e + x(x)(log p(x) — log€) + O(1)
= —loge+0O(1)
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What about the gas giants?

MFET of BM on AH and gas giant surfaces

Theorem (J. Gell-Redman, EJG, J. Tzou, L. Tzou)

If (M,0M, g) is an asymptotically hyperbolic or gas giant surface, then the
mean first escape time from the manifold M. = {x € M : p(x) > €} satisfies

u(x) = {_ loge + O(1) if M is asymptotically hyperbolic o

o(1) if M is a gas giant

The O(1)-number is dependent on the parameter « and not uniform as oz — 2.

~ 1 (
Ueo = (2 _a) P
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What about gas giants

MFET on gas giants approaching AH surfaces

Theorem (J Gell-Redman, EJG, J. Tzou, L. Tzou)
If (M =D, g =2%gu/(1 — x> — y?)?) is the unit disc with a family of gas
giant metrics of parameters o approaching 2, then the solutions uc (x)
approach the solution

Ue2(x) = —log € + log p(x)

on the asymptotically hyperbolic surface in a suitable way.
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— 1 o =1 €
£ = a1/ /9

The function u,  is polyhomogeneous conormal on the blow-up space above and

approaches u, > on the boundary hypersurface 2 — a = 0.
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Outlook and conjectures

MFET on AH manifolds in higher dimensions

Conjecture (M. Doll, EJG, J. Tzou, L. Tzou)
If (M,0M, g) is an asymptotically hyperbolic or gas giant manifold of dimension

n > 3, then the mean first escape time from the manifold
Me = {x € M : p(x) > €} satisfies

ue(x) = {O(— log €) if M is asymptotically hyperbolic 2530,

O(1) if M is a gas giant

1. Geodesics still reach OM, in O(— loge€) time.
2. One “infinite direction”. The size of the trap is always infinite for ¢ > 0.

3. On the model manifold D" the solution to the PDE is given by (n — 1) log(p/€)
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Outlook and conjectures

MELBOURNE

MFET on model gas giants approaching model AH manifolds

Conjecture

If (M =D" g =2%guc/(1 —xZ — x3 — -+ — x2)%) is the unit ball with a family
of gas giant metrics of parameters « approaching 2, then the solutions uc o (x)
approach the solution

(n—1)(log p — loge)

in a suitable way.

MFET on general gas giants approaching general AH manifols

Question: Does the above statement hold for any family of gas giant metrics of
parameter « approaching 27 What geometric conditions are required?
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