Mean first capture times of random particles

Emanuel Jézsef Godfried
j-w. Yann Chaubet, Moritz Doll, Jesse Gell-Redman, Justin Tzou, Leo Tzou

MELBOURNE

School of Mathematics and Statistics
The University of Melbourne

16t of February 2026

PhD confirmation E.J. Godfried, unimelb



Contents

Background on mean first capture time problems
Background on asymptotically hyperbolic manifolds
Statement and proof of main theorem

Some blow-up spaces to smoothen out an issue
Outlook and conjectures for MFCT on AH manifolds

MFCT of Lévy flights on spheres

PhD confirmation E.J. Godfried, unimelb



Contents

Background on mean first capture time problems

PhD confirmation E.J. Godfried, unimelb



Introduction & Background |

Let (M, g) be a Riemannian manifold, we analyse mean first capture times of random
walks on M

» Brownian motion > Lévy flights

Semi-formally: Given a random walk X; starting at Xy = x and a target [, what is on
average the first time that the random walk X; is captured into ', and what are the
asymptotics as € — 07

Question: How does the geometry affect the (analysis of the) random walks and the
mean first capture time?
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Brownian motion

MELBOURNE

» Given a Riemannian manifold (M, g), Brownian motion is a continuous random
variable X;,t > 0.

> If X; starts at xo € M (i.e. Xo = xp), then the probability density distribution
f(t,x) of X; is given by the fundamental solution of the heat equation
of (t, x)

Tor = A1) F(0,%) = G () - (1)

» Given a trap [ C M/OM, denote the first capture time 7. of a Brownian motion
X; into [
Te=inf{t>0: X, €T} .
» Interested in the mean first capture time u(x)
ue(x) = E[re : Xo = x| (2)

and their asymptotics as € — 0.
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MFECT of Brownian motion

MELBOURNE

» Interested in the mean first capture time u(x)
ue(x) = E[re : Xo = x] (2)

and their asymptotics as € — 0.

> Integration by parts argument shows

Agu(x)=-1 on M\ T, ucgr.=0 3
g e

» Additional conditions can be added e.g. (partially) reflecting boundaries.
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Examples and Results

Narrow capture in 2D (Holcman & Schuss, 2004)

Let Q C R? bounded with smooth boundary. The mean first capture time u,(x)
of a Brownian motion (BM) starting at x through a small absorbing trap I'c C 90
on an otherwise smooth completely reflecting boundary of radius € satisfies

ue = —|Qlloge+ O(1) ase—0.

e
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Examples and Results

Narrow capture in 3D Riemannian manifolds (Nursultanov, Tzou & Tzou 2021)

(M3,0M, g) a smooth compact Riemannian 3-manifold with boundary. The mean
first capture time u.(x) of a BM X; starting at x through a small absorbing trap
e € OM on an otherwise smooth completely reflecting boundary of radius e

satisfies v .
_IM1

u

© de  4rm

where H(x*) is the mean curvature at the centre of the trap.
e

(x*)|M|log e+ O(1)
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Examples and Results

Narrow capture on general Riemannian surfaces (Nursultanov, Trad, Tzou & Tzou 2023)

Let (M, g) be a smooth compact Riemannian manifold (w, w/o completely re-
flecting boundary M) of dimension 2. The mean first capture time u.(x) of a
Brownian motion starting at x into a geodesic ball ['c = By, (¢€) of size € around

Xg € M° satisfies

M
ue(x) = —‘2|g loge + O(1) ase— 0.
T
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General strategy for MFCT of Brownian motion

Full Cauchy data

For fixed € the solution uc is uniquely determined by the BVP.
However to find the asymptotics of the solution u. as € — 0, the (asymptotics of
the) full Cauchy data

Ce = {U€’8rea — 0,3uue\ar€}

are needed.
Strategy: Provide asymptotics of the full Cauchy data together with asymptotics
of the Green'’s function to solve the BVP as ¢ — 0.

General theme of the previous results

Singularity structure of the Green's function G(x; y) are approximately the asymp-
totics of u. as € — 0.
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Background V

Asymptotically hyperbolic & gas giant manifolds

Asymptotically hyperbolic manifolds
» Riemannian manifolds with boundary (M,0M, g) where g = g/p? for some
boundary defining function p, and some compact metric g.
» Natural extension the hyperbolic spaces H"”
> Negatively curved (near the boundary dM)
» Infinite length geodesics and infinite volume
Gas giant manifolds
» Riemannian manifolds with boundary (M,90M, g) where g = g/p“ for some
boundary defining function p, some compact metric g and some parameter
a € (0,2).
» Introduced recently
> Finite length geodesics, but (depending on the dimension and parameter «)
infinite volume
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Setting the setting

» Normalise |dplop =1 >0
> LetTe={xeM:p(x)<e}, Mc:=M\T,={xe M:p(x)> €}

» Mean first capture time uc(x) of a Brownian motion X; starting at x € M, into I',
satisfies the PDE
Agu(x)=—-1 on M., ucom. =0 (4)
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Theorems

Mean first capture time of BM on AH and gas giant surfaces

Theorem (J. Gell-Redman, EJG, J. Tzou, L. Tzou)

If (M,0M, g) is an asymptotically hyperbolic or gas giant surface, then the
mean first capture time from the manifold M. = {x € M : p(x) > €} satisfies

) = {— loge + O(1) if M is asymptotically hyperbolic N

o(1) if M is a gas giant
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Strategy

Let ve(x) € C*°(M,) be defined by

Ve(x) := log p(x) — log e (5)

Lemma

If (M =D, g =4gg,./(1 —x%— y?)?) is the (constantly negatively curved) Poincaré
disc with boundary defining function p(x) = 3(1 — x> — y?), then v,(x) solves the
boundary value problem (4), i.e. satisfies the bound u.(x) = —loge + O(1) as e — 0.
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Strategy Il

Strategy

On general (M, g) asymptotically hyperbolic, near the boundary v¢(x) solves the

boundary value problem (4) (approximately). Take a bump-function x(p(x)) = 1 near
the boundary OM.

If u.(x) solves the boundary value problem (4), set

we(x) := ue(x) = x(x)ve(x) (6)

and show asymptotics of error term w,(x).

PhD confirmation
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The Cauchy data of w,(x)

Proposition
The full Cauchy data of w,(x) satisfies

Ce(We) = {We’(?Me = OaayWe‘BMé = O(_ IOg 6)}

Proposition
Let Go(x; y) be the Dirichlet Green's function for Ag, then

| Gl gw)dVlg(y) = (x ~ Dloge +O(1)

pointwise.
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Proof main theorem

By Green's theorem, w,(x) satisfies:

we(x) = / Go(x; y)Agwe(y)dVolg(y) — / Go(x; y)0uwe(y)dS(y)
M. M.
= (x(x) —1)loge+ O(1) + O(eloge) ase—0

pointwise.

Proof of the main theorem

By construction:

ue(x) = we(x) + x(x)ve(x)
= we(x) + x(x)[log(p(x)) — log(€)]
— (x(x) — 1) loge + O(1) + x(x)llog p(x) — log ]
= —loge+ O(1)
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What about the gas giants?

Mean first capture time of BM on AH and gas giant surfaces

Theorem (J. Gell-Redman, EJG, J. Tzou, L. Tzou)

If (M,0M, g) is an asymptotically hyperbolic or gas giant surface, then the
mean first capture time from the manifold M. = {x € M : p(x) > €} satisfies

u(x) = {_ loge + O(1) if M is asymptotically hyperbolic o

o(1) if M is a gas giant

The O(1)-number is dependent on the parameter « and not uniform as oz — 2.

~ 1 (
Ueo = (2 _a) P
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What about gas giants

MFCT on gas giants approaching AH surfaces

Theorem (J Gell-Redman, EJG, J. Tzou, L. Tzou)
If (M =D, g =2%gu/(1 — x> — y?)?) is the unit disc with a family of gas
giant metrics of parameters o approaching 2, then the solutions uc (x)
approach the solution

Ue(x) = —log € + log p(x)

on the asymptotically hyperbolic surface in a suitable way.
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— 1 o =1 €
£ = a1/ /9

The function u,  is polyhomogeneous conormal on the blow-up space above and

approaches u, > on the boundary hypersurface 2 — a = 0.
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Outlook and conjectures

MFCT on AH manifolds in higher dimensions

Conjecture (M. Doll, EJG, J. Tzou, L. Tzou)

If (M,0M, g) is an asymptotically hyperbolic or gas giant manifold of dimension
n > 3, then the mean first capture time from the manifold

Me = {x € M : p(x) > €} satisfies

ue(x) = {(’)(— log €) if M is asymptotically hyperbolic 2530,

O(1) if M is a gas giant

1. Geodesics still reach OM, in O(— log€) time.
2. One “infinite direction”. The size of the trap is always infinite for ¢ > 0.

3. On the model manifold D" the solution to the PDE is given by (n — 1) log(p/€)
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Outlook and conjectures
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MFCT on model gas giants approaching model AH manifolds

Conjecture

If (M =D" g =2%guc/(1 —xZ — x3 — -+ — x2)%) is the unit ball with a family
of gas giant metrics of parameters « approaching 2, then the solutions uc o (x)
approach the solution

(n—1)(log p — loge)

in a suitable way.

MFCT on general gas giants approaching general AH manifols

Question: Does the above statement hold for any family of gas giant metrics of
parameter « approaching 27 What geometric conditions are required?
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Lévy flights

Wikipedia's definition

A Lévy flight is a random walk in which the step-lengths have a stable distribution,
a probability distribution that is heavy-tailed.

When defined as a walk in a space of dimension greater than one, the steps made
are in isotropic random directions.

(a) Lévy flights: By PAR - Own work, Public (b) Brownian motion: By PAR - Own work,

Domain, https://commons.wikimedia.org/w/ Public Domain, https://commons.wikimedia.
index.php?curid=9569860 org/w/index.php?curid=9569957
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Lévy flight foraging hypothesis

Viswanathan - Raposo - da Luz (2008)

“Since Lévy flights and walks can optimize search efficiencies, therefore natural
selection should have led to adaptations for Lévy flight foraging”

» Longer jumps help with searching “different areas”
» Controversial

» Counter examples have been found where Brownian motion is “better”
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Lévy flights on R”

Brownian motion

The probability density distribution f(t,x) of a Brownian motion starting at xg
is given by the fundamental solution of the heat equation
Of (t, x)
ot

= DAgf(t,x), f(0,x) = 0xy(x) .

On R™: the probability density distribution g(t,x) of a Lévy flight starting at xg is
given by the fundamental solution of the fractional heat equation

) _ (n)a(t), 8(0.%) = 8l )

where for a € (0, 1), the fractional Laplacian can be given by:

(—Are)u(x) = FH[[g*a(€)]

but can be invariantly defined as a pseudodifferential operator of order 2a.
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Lévy flights on manifolds

Obviously: if (M, g) is Riemannian, then the probability density distribution of a Lévy
flight starting at xp € M is given by the fundamental solution of the fractional heat

equation
9g(t,x) o
ot = _(_Ag) g(t,X), g(O’X) = 5X0(X)
for a € (0,1).
Wrong! The Lévy flight generator is given by
u(exp,(v)) — u(x
Aqu(x) = cnyap.v./ (exp (nl)h ( )dTX(v) . (8)
T M\0 vig

The probability density distribution of a Lévy flight starting at xg € M is given by the
fundamental solution of the equation

) _ dug(t), 8(0.5) = 5ul(x) ()

for a € (0,1).
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Key facts

> If (M,g) = (RnagEuc)a (TnagEuc)y then A, = _(_A]R")a
» The operators A, (—Agn)® are non-local

> If (M,g) = (5", gtd), then
Aqu(x) =[—(—As)* + Ao+ A_1T] u(x) ,
with Ag, A_1 € V¥(5") and Ju(x) = u(—x).

» Singularities of u(x) get propagated to —x under A,
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Mean first capture on spheres

Divergence at the south pole Chaubet-Guedes Bonthonneau-Lefeuvre-Tzou (2025)

If ¢ is a trap of size € at the north pole N, then the mean first capture time
uc(x) of a Lévy flight process on S” into the trap I, satisfies

ue(S) - \5”\_1/ ue(x)dVolsa(x) = —C%’ial +o(* ") = —o0
Sn\r€ €

it n>1+4a.

Convergence to the spacial mean of BMNursultanov-Trad-Tzou-Tzou (2023)

Let (M, g) be a closed 2-dimensional Riemannian manifold. Let I'c be a trap,
then the difference from the spacial mean of the mean first capture time of BM
into ¢ satisfies

)= M\ [ - waVolg(y) = Olclog.)
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Conjugate points

The exponential map on the sphere

Let (M, g) a Riemannian manifold, the
exponential map

expy : TxM — M

yAny
\ T

is not always (everywhere) a local

diigamarphim. Figure: The north and south poles are

conjugate points
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Zoll sphere
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Definition

A Zoll sphere is a Riemannian manifold
(M, g) homeomorphic to S? such that all
the geodesics are closed.

Corollary
All the geodesics have the same length
(normalise to 2w ).

Corollary
In every direction there is a conjugate

vector v € T, M (and a conjugate point
M ( Jugate p Figure: A Zoll sphere of revolution,

y =exp,(v)). embedded in R3.
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Conjugate loci on Zoll surfaces
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Proposition

If M is a Zoll surface, then points q on the

conjugate locus of p are of one of the

following type

(a) locally smooth

(b) one of a finite number of simple cusps

(c) the entire conjugate locus of p
(antipodal pts)

Figure: A Zoll sphere of revolution,
embedded in R3.
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Conjugate loci on Zoll surfaces iy
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. in2
curves in Tigsz,00 S with h(cosr) = cosr %ﬁ

0s
R s sinZr
Curves in S° with h{cosr)=cosr =5
18+
16 |
14
12 F
T cut locus \ //
" | —— conjugate locus \
~=== mid points
~. 08 6=
—— cut locus L L . L L I L L I
conjugate locus 23 25 27 29 31 33 35 37 38 6
- mid points Fig. 438

(a) Conjugate vectors of a point on a Zoll sphere  (b) Conjugate locus of a point on a Zoll sphere of
of revolution [Besse, Manifolds all of whose revolution [Besse, Manifolds all of whose
Geodesics are Closed, 4.37]. Geodesics are Closed, 4.38].

Figure: Conjugate vectors and locus of point on the equator of the surface above.
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Lévy flights on Zoll surfaces

Conjecture (Y. Chaubet, EJG, L. Tzou)

Let p be a point on a Zoll surface, and
q € Conj(p), the difference from the

Proposition mean of the MFCT into the target I',
The Lévy flight generator A, is a sum around p

Ao =—(-8¢)" + Ao +1 u(q) — / ue(x)dVolg(x)
M\T ¢

with (—Ag)® the fractional Laplacian,

Ao € WVO(M) and Z_1 € I7Y(M, M;C) diverges as ¢ — 0, and the rate
depends on the type of point q is on
the conjugate locus (locally smooth,
simple cusp, entire conjugate locus).
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