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The two main characters

Figure 1: Brownian motion: By PAR - Own work, Public 
Domain, https://commons.wikimedia.org/w/index.php?curid=9569957
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The Lévy flight foraging hypothesis

Viswanathan et al. (’08)

Since Lévy flights and walks can optimize search 
efficiencies, therefore natural selection should 
have led to adaptations for Lévy flight foraging.
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The narrow capture problem on a disc - asymptotics

Γ𝜖
𝜖

Let 𝑋𝑡 a random walk starting at 𝑥. Denote:

𝑢𝜖(𝑥) ∶= 𝔼[𝑡 ∶ 𝑋𝑡 in Γ𝜖 for the first time]

Cheviakov-Ward-Straube (’10),
Chevalier-Bénichou-Meyer-Voituriez (’10)

The mean first capture time 𝑢𝜖(𝑥) of a Brownian 
particle confined to a disc into a small interior 
target of size 𝜖 is given by

𝑢𝜖(𝑥) ∼ {
𝐶2 ⋅ (− log 𝜖) n = 2
𝐶𝑛𝜖2−𝑛 n > 2

as 𝜖 → 0

pointwise.
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Narrow capture problem on a Riemannian manifold

Γ𝜖
𝜖

Nursultanov-Trad-Tzou-Tzou (’23)

The mean first capture time of a Brownian par­
ticle into a trap of size 𝜖 satisfies

𝑢𝜖(𝑥) ∼ 𝐶2 ⋅ (− log 𝜖) as 𝜖 → 0.
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The Lévy flight foraging hypothesis - a controversy

What does it mean to optimize search efficiencies?

Narrow capture of Brownian motion

 The mean first capture time 𝑢𝜖(𝑥) of a Brow­
nian particle on a closed manifold into a small 
target of size 𝜖 is given by

𝑢𝜖(𝑥) ∼ {
𝐶2 ⋅ (− log 𝜖) 𝑛 = 2
𝐶𝑛𝜖2−𝑛 𝑛 > 2

as 𝜖 → 0

Narrow capture of Lévy flights on 𝑆𝑛, 𝑇 𝑛

 The mean first capture time 𝑢𝜖(𝑥) of a Lévy 
flight on a closed manifold 𝑆𝑛, 𝑇 𝑛 into a small 
target of size 𝜖 is given by

𝑢𝜖(𝑥) ∼ 𝐶𝑛,𝛼𝜖2𝛼−𝑛 as 𝜖 → 0

Asymptotically Brownian motion can be better!
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Two types of random walks

Figure 3: Brownian motion: By PAR - Own work, Public 
Domain, https://commons.wikimedia.org/w/index.php?curid=9569957 Figure 4: Lévy flights: By PAR - Own work, Public Domain, 

https://commons.wikimedia.org/w/index.php?curid=9569860
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Generating random walks - Brownian motion

Generating a Brownian motion {𝑋𝑡}𝑡≥0

• Let our particle be at position 𝑥𝑡

• Randomly choose a unit direction vector 𝑣
• Take a step of size ℎ in that direction
• Be at position 𝑥𝑡+ℎ2

• Repeat
Take step size ℎ → 0, to get a continuous ran­
dom walk {𝑋𝑡}𝑡≥0.
For any step: only LOCAL geometry
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Generating random walks - Lévy flights

• Choose step lengths according to a power-
law distribution

• 𝑙−1−2𝛼𝑑𝑙 for 𝛼 ∈ (0, 1)
• Long jumps
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Generating random walks - Lévy flights

Generating a Lévy flight {𝑌𝑡}𝑡≥0 of parameter 
𝛼 ∈ (0, 1)

• Let our particle be at position 𝑦𝑡

• Randomly choose a unit direction vector 𝑣
• Randomly choose a step length 𝑙 according 

the distribution 𝑙−1−2𝛼𝑑𝑙
• Take a step of size ℎ𝑙 in that direction
• Be at position 𝑦𝑡+ℎ2𝛼

• Repeat
Take step size ℎ → 0, to get a continuous ran­
dom walk {𝑌𝑡}𝑡≥0.
For any step: GLOBAL geometry
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Probability density functions of random walks - Infinitesimal generators

A different way to look at random walks: their probability density distribution

Brownian motion

 Let 𝑋𝑡 be a Brownian motion starting at 
𝑥0 ∈ 𝑀, then the probability density distribu­
tion 𝑣(𝑡, 𝑥) of 𝑋𝑡 is given by the fundamental 
solution of the heat equation

𝜕𝑣(𝑡, 𝑥)
𝜕𝑡 = Δ𝑔𝑣(𝑡, 𝑥), 𝑣(0, 𝑥) = 𝛿𝑥0

(𝑥)

Lévy flight

 Let 𝑌𝑡 be a Lévy flight starting at 𝑥0 ∈ 𝑀, 
then the probability density distribution 𝑤(𝑡, 𝑥)
of 𝑌𝑡 is given by the fundamental solution of the 
equation

𝜕𝑤(𝑡, 𝑥)
𝜕𝑡 = 𝒜𝑤(𝑡, 𝑥), 𝑤(0, 𝑥) = 𝛿𝑥0

(𝑥)

𝒜 is not always −(−Δ𝑔)𝛼!
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Probability density functions of random walks in ℝ
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Infinitesimal generators of Lévy flights on spheres

Infinitesimal generators of Lévy flights on spheres
Theorem  (Chaubet-Guedes Bonthonneau-
Lefeuvre-Tzou). On the sphere 𝑆𝑛, the infinites­
imal generator 𝒜 is the sum

𝒜 = −(−Δ𝑔)𝛼 + 𝒜−1𝒥

with 𝒥𝑢(𝑥) = 𝑢(−𝑥).

If 𝑢(𝑥) is not smooth at 𝑝, then (𝒜𝑢)(𝑥) is not 
smooth at {𝑝, −𝑝}.

𝑁

𝑆

Figure 5: Two close-by “straight lines” passing 
through the North Pole focus back at the South 
Pole.
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Narrow capture problems with infinitesimal generators

𝑥
Γ𝜖

𝜖

Let 𝑋𝑡 a random walk starting at 𝑥 with 
infinitesimal generator 𝒜. Denote:

𝑢𝜖(𝑥) ∶= 𝔼[𝑡 ∶ 𝑋𝑡 in Γ𝜖 for the first time]

Mean first capture times

 The function 𝑢𝜖(𝑥) satisfies the boundary value 
problem

𝒜𝑢𝜖(𝑥) = −1 𝑢𝜖|Γ𝜖
= 0

with the possibility of additional conditions (e.g. 
reflecting outer boundary). 
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Deviation from the mean - round sphere
Theorem  (Chaubet-Guedes Bonthonneau-
Lefeuvre-Tzou). Let 𝑀 = 𝑆2 the round sphere

• Lévy flight process of order 𝛼 < 1/4
• Target Γ𝜖 = 𝐵𝜖(𝑁)
• Spacial mean 

𝑢𝜖 = 1
|𝑀| ∫

𝑀
𝑢𝜖(𝑥)𝑑𝑥

• As 𝜖 → 0, 
|𝑢𝜖(𝑥) − 𝑢𝜖| is bounded

for 𝑥 ∉ {𝑁, 𝑆}, but

|𝑢𝜖(𝑆) − 𝑢𝜖| = 𝐶𝑛,𝛼𝜖−1+4𝛼 + 𝑜(𝜖−1+4𝛼)

Γ𝜖

𝑁

𝑆
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Deviation from the mean - Zoll sphere

Theorem  (Chaubet-G-Tzou, work in progress). Let 𝑀 be 
a smooth Riemannian manifold homeomorphic to 𝑆2 such 
that all geodesics are closed (and with the same period)

• Lévy flight process of order 𝛼 < 1/4
• Target Γ𝜖 = 𝐵𝜖(𝑝0)
• As 𝜖 → 0, 

|𝑢𝜖(𝑥) − 𝑢𝜖| is bounded

for 𝑥 ∉ {𝑝0, 𝑞1, … 𝑞𝑛}, but for 𝑦 ∈ {𝑞1, … , 𝑞𝑛}

|𝑢𝜖(𝑦) − 𝑢𝜖| = 𝐶𝑛,𝛼𝜖−1+4𝛼 + 𝑜(𝜖−1+4𝛼)

Figure 6: A Zoll manifold of revolution
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Deviation from the mean - Zoll sphere

Theorem  (Chaubet-G-Tzou, work in progress, part 2). Let 
𝑀 be a smooth Riemannian manifold homeomorphic to 
𝑆2 such that all geodesics are closed (and with the same 
period)

• Lévy flight process of order 𝛼 < 1/8
• There is a curve 𝒞 such that {𝑞1, … , 𝑞𝑛} are the sin­

gular points of the curve 𝒞
• If 𝑧 ∈ 𝒞 ∖ {𝑞1, … , 𝑞𝑛}, then

|𝑢𝜖(𝑧) − 𝑢𝜖| = 𝐶′
𝑛,𝛼𝜖−1/2+4𝛼 + 𝑜(𝜖−1/2+4𝛼)

Figure 7: A Zoll manifold of revolution
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   𝑦  ∈  {    𝑞  1   ,  …  ,    𝑞  𝑛   } 


   |    𝑢  𝜖   (  𝑦  )  −    𝑢  ‾   |  =    𝐶    𝑛  ,  𝛼      𝜖    −  1  +  4  𝛼    +  𝑜  (    𝜖    −  1  +  4  𝛼    ) 


   𝛼  <  1  /  8 


   𝒞 


   {    𝑞  1   ,  …  ,    𝑞  𝑛   } 


   𝑧  ∈  𝒞  ∖  {    𝑞  1   ,  …  ,    𝑞  𝑛   } 


   |    𝑢  𝜖   (  𝑧  )  −    𝑢  ‾   |  =    𝐶    𝑛  ,  𝛼   ′     𝜖    −  1  /  2  +  4  𝛼    +  𝑜  (    𝜖    −  1  /  2  +  4  𝛼    ) 


$X_t$


$x$


\begin {equation*}u_\epsilon (x):= \mathbb {E}[t: \text {\(X_t \) in \(\Gamma _\epsilon \) for the first time}]\end {equation*}


$u_\epsilon (x)$


$\epsilon $


\begin {equation*}u_\epsilon (x) \sim \begin {cases} C_2\cdot (-\log \epsilon )\quad & \text {n = 2}\\ C_n\epsilon ^{2-n} & \text {n > 2} \end {cases} \quad \text {as \(\epsilon \to 0 \)}\end {equation*}


$\epsilon $


\begin {equation*}u_\epsilon (x) \sim C_2 \cdot (-\log \epsilon ) \quad \text {as \(\epsilon \to 0 \).}\end {equation*}


$u_\epsilon (x)$


$\epsilon $


\begin {equation*}u_\epsilon (x) \sim \begin {cases} C_2\cdot (-\log \epsilon ) \quad &n =2\\ C_n \epsilon ^{2-n} & n> 2 \end {cases} \quad \text {as \(\epsilon \to 0 \)}\end {equation*}


$S^n,T^n$


$u_\epsilon (x)$


$S^n, T^n$


$\epsilon $


\begin {equation*}u_\epsilon (x) \sim C_{n,\alpha } \epsilon ^{2\alpha - n } \quad \text {as \(\epsilon \to 0 \)}\end {equation*}


$\{X_t\}_{t\geq 0 }$


$x_t$


$v$


$h$


$x_{t+h^2}$


$h\to 0$


$\{X_t \}_{t\geq 0 }$


$l^{-1-2\alpha }dl$


$\alpha \in (0,1)$


$\{Y_t\}_{t\geq 0 }$


$\alpha \in (0,1)$


$y_t$


$v$


$l$


$l^{-1-2\alpha }dl$


$h l$


$y_{t+h^{2\alpha }}$


$h\to 0$


$\{Y_t \}_{t\geq 0 }$


$X_t$


$x_0 \in M$


$v(t,x)$


$X_t$


\begin {equation*}\frac {\partial v(t,x)}{\partial t }= \Delta _g v(t,x), \quad v(0,x) = \delta _{x_0}(x)\end {equation*}


$Y_t$


$x_0 \in M$


$w(t,x)$


$Y_t$


\begin {equation*}\frac {\partial w(t,x)}{\partial t }= \mathcal A w(t,x), \quad w(0,x) = \delta _{x_0}(x)\end {equation*}


$\mathcal A$


$-(-\Delta _g)^\alpha $


$\mathbb {R}$


$S^{n}$


$\mathcal {A}$


\begin {equation*}\mathcal {A} = -(-\Delta _g)^\alpha + \mathcal {A}_{-1} \mathcal {J}\end {equation*}


$\mathcal J u(x) = u(-x)$


$u(x)$


$p$


$(\mathcal {A} u) (x)$


$\{p,-p \}$


$X_t$


$x$


$\mathcal {A}$


\begin {equation*}u_\epsilon (x):= \mathbb {E}[t: \text {\(X_t \) in \(\Gamma _\epsilon \) for the first time}]\end {equation*}


$u_\epsilon (x)$


\begin {equation*}\mathcal {A} u_\epsilon (x) = -1 \quad u_\epsilon |_{\Gamma _\epsilon } = 0\end {equation*}


$M = S^2$


$\alpha < 1/4$


$\Gamma _\epsilon = B_\epsilon (N)$


\begin {equation*}\overline u _\epsilon = \frac {1}{|M| }\int _M u_\epsilon (x) d x\end {equation*}


$\epsilon \to 0$


\begin {equation*}|u_\epsilon (x)- \overline u_\epsilon | \quad \text {is bounded}\end {equation*}


$x \notin \{N,S \}$


\begin {equation*}| u_\epsilon (S) - \overline u _\epsilon | = C_{n,\alpha } \epsilon ^{-1 + 4\alpha } + o(\epsilon ^{-1+4\alpha })\end {equation*}


$M$


$S^2$


$\alpha < 1/4$


$\Gamma _\epsilon = B_\epsilon (p_0)$


$\epsilon \to 0$


\begin {equation*}|u_\epsilon (x) - \overline u_\epsilon | \quad \text {is bounded}\end {equation*}


$x \notin \left \{p_0, q_1,\dots q_n \right \}$


$y \in \{q_1,\dots ,q_n \}$


\begin {equation*}|u_\epsilon (y) - \overline u_\epsilon | = C_{n,\alpha } \epsilon ^{-1+4\alpha } + o(\epsilon ^{-1+4\alpha })\end {equation*}


$M$


$S^2$


$\alpha < 1/8$


$\mathcal C$


$\{q_1,\dots ,q_n \}$


$\mathcal C$


$z\in \mathcal C \setminus \{q_1,\dots ,q_n \}$


\begin {equation*}|u_\epsilon (z) - \overline u_\epsilon | = C'_{n,\alpha } \epsilon ^{-1/2+4\alpha } + o(\epsilon ^{-1/2+4\alpha })\end {equation*}



