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ABSTRACT. We discuss an easy proof to the Schwartz kernel theorem.

Today, we will be discussing one of analysis’ most important theorems. For an embar-
rassingly long time, I was fully aware of the statement of this theorem, but could not
really grasp the proof. However recently, I became aware of T. Lefeuvre’s book [Lef25],
in which the proof to this theorem is really well explained, and it is the main reference I
will be using today.

Informally, the statement is the following:

Theorem. Any continuous linear operator A between function spaces (such as L*(R™) or

Coomp(R™)) can uniquely be expressed as an integral operator with an associated integral

kernel K 4.
Conwversely, for every integral kernel K 4, there is a unique associated continuous linear

operator A between function spaces.

Before I give a couple of definitions, the correct statement, and the proof, I will give a
couple of examples.

Example 1. The identity operator
1:C8,,,(R")—= €2 (R") CD'(R"):p> ¢

comp comp

has the associated integral kernel §(z—y) € 2’(R"xR"). Indeed, for every ¢ € €55, (R™)
we have

(19)(z) = / 5z — y)ply) dy
.

Example 2. The Laplacian —A := — Z:L: L 8wi has the associated integral kernel is the
sum of the second partial derivatives of §(xz — y). In a different way,

Aele) = / / TR dE p(y) dy = [ Ka(z,y)(y) dy -
Rn JRn R
Exercise: show that these correspond.

To now formalise the statement, and to give a proof, I will need to define some function
spaces.

Definition 1. Let

(1) Coomp(R™) to be the space of smooth functions with compact support (i.e. smooth

functions which are zero outside of a compact set)
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   𝐴 


$A$


     𝐿  2   (    ℝ  𝑛   ) 


$L^2(\RR ^n )$


     𝒞   comp   ∞   (    ℝ  𝑛   ) 


$\C ^\infty _{\cc }(\RR ^n)$


     𝐾  𝐴  


$K_A$


$K_A$


$A$


   𝟙  ∶    𝒞   comp   ∞   (    ℝ  𝑛   )  →    𝒞   comp   ∞   (    ℝ  𝑛   )  ⊂    𝒟  ′   (    ℝ  𝑛   )  ∶  𝜑  ↦  𝜑 


\begin {equation*}\mathbb {1}: \C ^\infty _{\cc }(\RR ^n)\to \C ^\infty _{\cc }(\RR ^n) \subset \D ' (\RR ^n ) : \varphi \mapsto \varphi \end {equation*}


   𝛿  (  𝑥  −  𝑦  )  ∈    𝒟  ′   (    ℝ  𝑛   ×    ℝ  𝑛   ) 


$\delta (x-y)\in \D ' (\RR ^n \times \RR ^n )$


   𝜑  ∈    𝒞   comp   ∞   (    ℝ  𝑛   ) 


$\varphi \in \C _{\cc }^\infty (\RR ^n )$


   (  𝟙  𝜑  )  (  𝑥  )  =    ∫    ℝ  𝑛    𝛿  (  𝑥  −  𝑦  )  𝜑  (  𝑦  )    𝑑  𝑦    . 


\begin {equation*}(\mathbb {1}\varphi )(x)= \int _{\RR ^n } \delta (x-y) \varphi (y) \ d y \ .\end {equation*}


   −  Δ  ∶  =  −    ∑    𝑖  =  1   𝑛     𝜕    𝑥  𝑖   


$-\Delta := -\sum _{i=1}^n\partial _{x_i}$


   𝛿  (  𝑥  −  𝑦  ) 


$\delta (x-y)$


   Δ  𝜑  (  𝑥  )  =    ∫    ℝ  𝑛      ∫    ℝ  𝑛      𝑒    𝑖  (  𝑥  −  𝑦  )  ⋅  𝜉    |  𝜉    |  2     𝑑  𝜉    𝜑  (  𝑦  )    𝑑  𝑦  =    ∫    ℝ  𝑛      𝐾  Δ   (  𝑥  ,  𝑦  )  𝜑  (  𝑦  )    𝑑  𝑦    . 


\begin {equation*}\Delta \varphi (x) = \int _{\RR ^n }\int _{\RR ^n } e^{i(x-y)\cdot \xi }|\xi |^2 \ d \xi \ \varphi (y) \ d y = \int _{\RR ^n }K_{\Delta }(x,y)\varphi (y) \ d y \ .\end {equation*}


     𝒞   comp   ∞   (    ℝ  𝑛   ) 


$\C ^\infty _{\cc }(\RR ^n )$


   𝑠  ∈  ℝ 


$s\in \RR $


     𝐻  𝑠   (    ℝ  𝑛   ) 


$H^s(\RR ^n)$


$\C ^\infty _{\cc }(\RR ^n)$


   ‖  𝑓    ‖    𝐻  𝑠   2   =    ∫    ℝ  𝑛    ⟨  𝜉    ⟩    2  𝑠    |    𝑓  ˆ   (  𝜉  )    |  2     𝑑  𝜉     where    ⟨  𝜉  ⟩  ∶  =  (  1  +  |  𝜉    |  2     )    1  /  2      . 


\begin {equation*}\|f \|_{H^s}^2 = \int _{\RR ^n}\langle \xi \rangle ^{2s} |\hat {f }(\xi )|^2 \ d\xi \quad \text {where }\langle \xi \rangle := (1+|\xi |^2)^{1/2} \ .\end {equation*}


   𝑙  ∈  ℝ 


$l \in \RR $


     𝐻    𝑠  ,  𝑙    (    ℝ  𝑛   )  ∶  =  ⟨  𝑥    ⟩    −  𝑙      𝐻  𝑠   (    ℝ  𝑛   ) 


$H^{s,l}(\RR ^n):= \langle x\rangle ^{-l} H^s(\RR ^n)$


   𝑓  =  ⟨  𝑥    ⟩    −  𝑙      𝑓  ˜  


$f = \langle x\rangle ^{-l} \tilde f$


     𝑓  ˜   ∈    𝐻  𝑠   (    ℝ  𝑛   ) 


$\tilde f \in H^s(\RR ^n)$


   ‖  𝑓    ‖    𝑠  ,  𝑙    =  ‖  𝑓    ‖      𝐻    𝑠  ,  𝑙    (    ℝ  𝑛   )    ∶  =  ‖  ⟨  𝑥    ⟩  𝑙   𝑓    ‖      𝐻  𝑠   (    ℝ  𝑛   )      . 


\begin {equation*}\|f\|_{s,l} =\|f\|_{H^{s,l}(\RR ^n)}:= \| \langle x\rangle ^{l} f \|_{H^s(\RR ^n)} \ .\end {equation*}


   𝒮  (    ℝ  𝑛   )  =    ⋂    𝑠  ,  𝑙      𝐻    𝑠  ,  𝑙    (    ℝ  𝑛   ) 


$\s (\RR ^n ) = \bigcap _{s,l}H^{s,l}(\RR ^n )$


     𝒮  ′   (    ℝ  𝑛   )  =    ⋃    𝑠  ,  𝑙      𝐻    𝑠  ,  𝑙    (    ℝ  𝑛   ) 


$\s '(\RR ^n) = \bigcup _{s,l} H^{s,l}(\RR ^n )$


   𝑠  ,  𝑙  ∈  ℝ 


$s,l \in \RR $


     𝐻    𝑠  ,  𝑙    (    ℝ  𝑛   )  ,    𝐻    −  𝑠  ,  −  𝑙    (    ℝ  𝑛   ) 


$H^{s,l}(\RR ^n) , H^{-s,-l }(\RR ^n)$


     𝒞   comp   ∞   (    ℝ  𝑛   )  ×    𝒞   comp   ∞   (    ℝ  𝑛   )  →  ℂ  ∶  (  𝜑  ,  𝜓  )  ↦    ∫    ℝ  𝑛    𝜑  (  𝑥  )  𝜓  (  𝑥  )    𝑑  𝑥 


\begin {equation*}\C ^\infty _{\cc } (\RR ^n) \times \C ^\infty _{\cc }(\RR ^n)\to \CC : (\varphi , \psi ) \mapsto \int _{\RR ^n} \varphi (x) \psi (x) \ dx\end {equation*}


     𝐻    𝑠  ,  𝑙    (    ℝ  𝑛   )  ×    𝐻    −  𝑠  ,  −  𝑙    (    ℝ  𝑛   )  →  ℂ 


$H^{s,l}(\RR ^n) \times H^{-s,-l}(\RR ^n) \to \CC $


     𝐻  𝑚   (    ℝ  𝑛   )  ↪    𝐶   bounded   0   (    ℝ  𝑛   )     if    𝑚  >  𝑛  /  2    . 


\begin {equation*}H^m (\RR ^n ) \hookrightarrow C^0_{\mathrm {bounded}}(\RR ^n) \quad \text {if }m > n/2 \ .\end {equation*}


   𝐴  ∶  𝒮  (    ℝ  𝑛   )  →    𝒮  ′   (    ℝ  𝑚   ) 


$A: \s (\RR ^n) \to \s '(\RR ^m)$


     𝐾  𝐴   ∈    𝒮  ′   (    ℝ  𝑚   ×    ℝ  𝑛   ) 


$K_A \in \s '(\RR ^m \times \RR ^n)$


   𝜑  ∈  𝒮  (    ℝ  𝑛   )  ,  𝜓  ∈  𝒮  (    ℝ  𝑚   ) 


$\varphi \in \s (\RR ^n ),\psi \in \s (\RR ^m)$


   (  𝐴  𝜑  ,  𝜓  )  =  (    𝐾  𝐴   ,  𝜓  ⊗  𝜑  )  "  =  "    ∫    ℝ  𝑚      ∫    ℝ  𝑛    𝐾  (  𝑥  ,  𝑦  )  𝜑  (  𝑦  )    𝑑  𝑦  𝜓  (  𝑥  )    𝑑  𝑥    . 


\begin {equation*}(A \varphi , \psi ) = (K_A, \psi \otimes \varphi ) "=" \int _{\RR ^m } \int _{\RR ^n } K(x,y) \varphi (y) \ dy \psi (x) \ d x\ .\end {equation*}


     𝐾  𝐴   ∈    𝒮  ′   (    ℝ  𝑚   ×    ℝ  𝑛   ) 


$K_A\in \s '(\RR ^m \times \RR ^n )$


   𝐴  ∶  𝒮  (    ℝ  𝑛   )  →    𝒮  ′   (    ℝ  𝑚   ) 


$A: \s (\RR ^n) \to \s '(\RR ^m )$


   𝒮  (    ℝ  𝑚   )  ⊗  𝒮  (    ℝ  𝑛   ) 


$\s (\RR ^m) \otimes \s (\RR ^n )$


   𝒮  (    ℝ  𝑚   ×    ℝ  𝑛   ) 


$\s (\RR ^m \times \RR ^n )$


   (    𝐾  𝐴   ,  𝜓  ⊗  𝜑  )  =  0 


$(K_A, \psi \otimes \varphi ) = 0$


   𝜑  ∈  𝒮  (    ℝ  𝑛   )  ,  𝜓  ∈  𝒮  (    ℝ  𝑚   ) 


$\varphi \in \s (\RR ^n), \psi \in \s (\RR ^m)$


     𝐾  𝐴   =  0 


$K_A = 0$


   𝐴  =  0 


$A = 0$


   𝐴  ∶    𝐿  2   (    ℝ  𝑛   )  →    𝐻  𝑚   (    ℝ  𝑚   )  ↪    𝐶   bounded   0   (    ℝ  𝑚   ) 


$A: L^2(\RR ^n ) \to H^{m}(\RR ^m )\hookrightarrow C^0_{\mathrm {bounded}}(\RR ^m )$


   𝑥  ∈    ℝ  𝑚  


$x\in \RR ^m$


     𝑇  𝑥   ∶    𝐿  2   (    ℝ  𝑛   )  →  ℂ  ∶  𝜑  ↦  (  𝐴  𝜑  )  (  𝑥  ) 


\begin {equation*}T_x: L^2(\RR ^n) \to \CC : \varphi \mapsto (A\varphi )(x)\end {equation*}


     𝑡  𝑥   ∈    𝐶   bounded   0   (    ℝ  𝑚   ,    𝐿  2   (    ℝ  𝑛   )  ) 


$t_x \in C^0_{\mathrm {bounded}}(\RR ^m , L^2(\RR ^n ) )$


   (  𝐴  𝜑  )  (  𝑥  )  =    𝑇  𝑥   (  𝜑  )  =  ⟨    𝑡  𝑥   ,  𝜑  ⟩  =    ∫    ℝ  𝑛      𝑡  𝑥   (  𝑦  )  𝜑  (  𝑦  )    𝑑  𝑦    . 


\begin {equation*}(A\varphi )(x) = T_x (\varphi ) = \langle t_x , \varphi \rangle = \int _{\RR ^n }t_x(y) \varphi (y) \ dy \ .\end {equation*}


   (  𝑥  ,  𝑦  )  ↦  𝐾  (  𝑥  ,  𝑦  )  ∶  =    𝑡  𝑥   (  𝑦  ) 


$(x,y) \mapsto K(x,y) := t_x(y)$


$A$


   𝐴  ∶    𝐻    𝑠  ,  𝑙    (    ℝ  𝑛   )  →    𝐻    −  𝑠  ,  −  𝑙    (    ℝ  𝑚   ) 


\begin {equation*}A: H^{s,l}(\RR ^n)\to H^{-s,-l}(\RR ^m)\end {equation*}


     𝐴  ′   ∶  =  ⟨  𝑥    ⟩    −  𝑙    ⟨  Δ    ⟩    −  (  𝑠  +  𝑚  )  /  2    𝐴  ⟨  𝑦    ⟩    −  𝑙    ⟨  Δ    ⟩    −  𝑠  /  2    ∶    𝐿  2   (    ℝ  𝑛   )  →    𝐻  𝑚   (    ℝ  𝑚   )    , 


\begin {equation*}A' : =\langle x \rangle ^{-l} \langle \Delta \rangle ^{-(s+m)/2} A\langle y \rangle ^{-l}\langle \Delta \rangle ^{-s/2}: L^2(\RR ^n)\to H^{m}(\RR ^m)\ ,\end {equation*}


     𝐾  ′   (  𝑥  ,  𝑦  ) 


$K'(x,y)$


         ⟨  𝐴  𝜑  ,  𝜓  ⟩     =  ⟨    𝐴  ′   ⟨  𝑦    ⟩  𝑙   ⟨  Δ    ⟩    𝑠  /  2    𝜑  ,  ⟨  𝑥    ⟩  𝑙   ⟨  Δ    ⟩    (  𝑠  +  𝑚  )  /  2    𝜓  ⟩          =  ⟨    𝐾  ′   ,  ⟨  𝑥    ⟩  𝑙   ⟨  Δ    ⟩    (  𝑠  +  𝑚  )  /  2    𝜓  ⊗  ⟨  𝑦    ⟩  𝑙   ⟨  Δ    ⟩    𝑠  /  2    𝜑  ⟩          =  ⟨  (  ⟨  𝑥    ⟩  𝑙   ⟨  Δ    ⟩    (  𝑠  +  𝑚  )  /  2    ⊗  ⟨  𝑦    ⟩  𝑙   ⟨  Δ    ⟩    𝑠  /  2    )    𝐾  ′   ,  𝜓  ⊗  𝜑  ⟩          =  ⟨  𝐾  ,  𝜓  ⊗  𝜑  ⟩    


\begin {equation*}\begin {split} \langle A \varphi , \psi \rangle &= \langle A' \langle y \rangle ^{l}\langle \Delta \rangle ^{s/2}\varphi , \langle x \rangle ^{l}\langle \Delta \rangle ^{(s+m)/2} \psi \rangle \\ &= \langle K', \langle x \rangle ^{l}\langle \Delta \rangle ^{(s+m)/2} \psi \otimes \langle y \rangle ^{l}\langle \Delta \rangle ^{s/2}\varphi \rangle \\ &= \langle (\langle x \rangle ^l \langle \Delta \rangle ^{(s+m)/2}\otimes \langle y\rangle ^l \langle \Delta \rangle ^{s/2})K ', \psi \otimes \varphi \rangle \\ &= \langle K, \psi \otimes \varphi \rangle \end {split}\end {equation*}


   𝐾  (  𝑥  ,  𝑦  )  ∶  =  (  ⟨  𝑥    ⟩  𝑙   ⟨  Δ    ⟩    (  𝑠  +  𝑚  )  /  2    ⊗  ⟨  𝑦    ⟩  𝑙   ⟨  Δ    ⟩    𝑠  /  2    )    𝐾  ′   (  𝑥  ,  𝑦  )    . 


\begin {equation*}K(x,y) := (\langle x \rangle ^l \langle \Delta \rangle ^{(s+m)/2}\otimes \langle y\rangle ^l \langle \Delta \rangle ^{s/2})K '(x,y) \ .\end {equation*}


$A: \s (\RR ^n) \to \s '(\RR ^m )$


   𝐴  ∶    𝐻    𝑠  ,  𝑙    (    ℝ  𝑛   )  →    𝐻    −  𝑠  ,  −  𝑙    (    ℝ  𝑚   ) 


$A: H^{s,l}(\RR ^n) \to H^{-s,-l}(\RR ^m )$


$s,l \in \RR $
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(2) For all s € R, the space H*(R™) to be the completion of €5
to the norm

113 = / (€251 F(E)2 de where (€) = (1 + [¢[2)V/2 |
|R7'L

comp (an) with respect

These spaces are called Sobolev spaces.
(3) For all I € R, the space H*!(R") := (x)"'H*(R™) to be the space of functions
f = (x)~'f for some f € H*(R™). The natural norm is given by
1 ls = 1l msagny = @) s gn) -

These spaces are sometimes called the scattering Sobolev spaces or the symmet-
rically global spaces.
(4) The Schwartz space S(R") =1_, H*!(R"), and its dual, the tempered distribu-

tions 8"(R") = _, HsYR™)

It turns out that for every s, € R the spaces H*!(R™), H=*~(R") are dual to each other
under the extension of the pairing

£ (RY) X €5 (R™) — C: (10,9) 1 / (@) do
.

to HSY(R™) x H~*{(R") — C.
Furthermore, there is a very important embedding:

H™(R™) < C’gounded([l?”) iftm>n/2.
With these function spaces in hand, we can state and prove the Schwartz kernel theorem.

Theorem 1 (Laurent Schwartz, 1952). Let A : S(R™) — 8" (R™) be a continuous linear
operator. Then, there exists a unique distribution K, € §'(R™ x R™) such that for all
v € S8(R™), v € S§(R™) the relation

(Ap, ) = (K1, 0 ® )" / K(z,y)p(y) dyp(z) de
s

Conversely, for any distribution K, € 8’ (R™ x R™) defines a unique continuous linear
operator A : S(R™) — &' (R™).

Proof. With the Stone-Weierstrass approximation Theorem (polynomials are dense inside
of the smooth functions), it follows that S(R™)®S(R™) is dense inside S(R™ xR™). Hence,
if (K4, ® @) =0forall p € S§(R"),¢ € S(R™), then K, = 0 from which it follows
that A = 0, which shows the reverse implication.

To show the forward implication, if 4 : L*(R™) — H™(R™) < C?,.4eq(R™), then for
all z € R™, the linear functional

T, : L2(R") — C: o+ (Ap)(x)

is continuous. Hence, by the Riesz representation theorem, there exists a continuous map
ty € CL o qeq(R™, L*(R™)) such that

(Ap)(x) = Tu(p) = (ty.0) = / L ()ely) dy
.

The function (x,y) = K(z,y) := t,(y) is the Schwartz kernel of the map A.
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Now, we note that for any bounded (i.e. continuous) linear operator
A: HSYR™) — H*"Y(R™)
the operator
A7 = () HA) 2 A ) (A) 2 2(RY) — HP(R™)

has some Schwartz kernel K’ (z,y), thus we find that

(Ap, 1) = (A () (A)* 2, () (A)H™24))
= (K', (@) (A) 24 @ (y) (A)* /)
= (({z)(AYEF™2 @ () (A) )K" 9 ® ¢)
= (K, ®¢)
with

K(z,y) = ({z) (A)+™2 @ () (A) ) K (2, y) .
Note finally, that due to the definition of Schwartz spaces and tempered distributions, any

continuous linear map A : §(R™) — &'(R™) is actually a bounded linear map between
Sobolev spaces A : H*!'(R") — H~*~/(R™) for sufficiently large s, € R. O

REFERENCES

[Lef25] Thibault Lefeuvre, Microlocal analysis in hyperbolic dynamics and geometry, Cours Spécialisés,
vol. 32, Société Mathématique de France, Paris, 2025. With a contributed chapter by Yann
Chaubet. MR5022124


http://www.ams.org/mathscinet-getitem?mr=5022124

	References



